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Introductory Chapter: Mathematical Logic, Proof and Sets

This chapter is a brief introduction to pure mathematics.

At first you will find this a challenging chapter and not the kind of mathematics you
would have been familiar with. However, to understand this chapter you need to follow
each step at a slower pace and become comfortable with the notation used. We will
regularly be using the results of this chapter, so it is important that you understand
the material thoroughly.

Some sections will seem abstract and lacking in applications, but the practical use of
the theory lies in digital electronics, computer science and artificial intelligence.

The proof part of this chapter is particularly challenging because each proof uses

different concepts and it is not a handle turning exercise.

SECTION I.1 ‘Propositional Logic

By the end of this section you will be able to
write connectives in symbolic form
construct truth tables for compound propositions

show equivalence of propositions using truth tables

I.1.1 Propositions
What does the term proposition mean in mathematics?
It is a statement which has a value of true or false. Which of the following are
propositions?
(a) Arsenal Football Club won the double in 2002.
b)5+3=

(
(c) z+5=2

(d) Liz Hurley looks beautiful.
(

e) The world ended on 6™ June 1984.
(a), (b) and (e) are propositions but (c) and (d) are not propositions. Why not?
(¢) is not a proposition because it contains an unknown, z. Since we do not know the
value of z therefore we cannot say whether z +5 =2 is true or false. ‘Liz Hurley looks
beautiful’ is not a proposition because beauty is subjective.
Note that a proposition can be false such as (b) 543 =7 and (e) The world ended on
6" June 1984.
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We normally denote propositions by the letters P, @, R, S, ... .

Propositions P and () can only be either true or false. We can write this in a table as:

P Q
True (T) True (T)
False (F) False (F)

Table 1

This kind of table is called a truth table.

I.1.2 Negation
What does negation mean?
Generally, means the opposite of something. If P is a proposition then the negation of
Pis (notP) and it is denoted by @P .
Let P: 1 weigh more than 75kg. What is @P equal to?
@P : 1 do not weigh more than 75kg.

Example 1

Write the negations of the following statements:
(1) a<bd
(2) 24+2=5
Solution
(1) a > b because the opposite of a < b is ais greater than or equal to b.

(2) 242 =5 because the opposite of does not equal (z) is equal to (=).

Note the answer to (1) is not a > b but a > b because you must cover all possibilities.
That is P and —P (not P) must include all possibilities.
What is the truth value of —P if P is true?
- P is false.
What is the truth value of —P if P is false?
- P is true.

Putting all this together we have the following truth table of =P :

P | -P

T | F

F | T
Table 2

You need to remember the truth values of (not P) which has the opposite truth value

to P. We use this throughout this chapter.
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Example 2

Negate the following proposition:

P : There are integers a and b such that % = \/5 .

Solution

Negate means (notP) or in symbolic form —P .

@P : There are no integers a and b such that % = \/5

I.1.3 And
Two propositions can be combined by the word ‘and’ to form a compound proposition.
A compound proposition is two or more propositions assembled together.
Let P and @ be propositions then ‘P and )’ is denoted by
PAQ.

The compound proposition P A @ is called the conjunction of the original propositions.
Let P: Grass is blue

Q: Pigs will fly
Form the sentence which describes P A Q.
Solution
The notation P A ) means P and Q.
PANQ : Grass is blue and pigs will fly .

P A Q
We can make the truth table for P A @ by first listing all the combination of truth
values for P and @) in the first two columns. PAQ (P and @) is only true if both

P is true and () is true otherwise it is false as shown in Table 3:

P Q PAQ

T T T

T F F

F T F

F F F
Table 3

I.1.4 Or
Two propositions can also be combined by the word ‘or’. Let P and Q be propositions,

then ‘P or @)’ is denoted by
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PVvQ.
A sentence of the form ‘P or ()’ is called a disjunction.
Next, we look at the truth table for PV Q.
Let P and @ be propositions. The compound proposition PV @Q (P or Q) is true if

either one of P or @) is true. It is only false when both P is false and (@) is false:

P Q PVQ

T T T

T F T

F T T

F F F
Table 4

Example 4

Let P:3<4 and @:4 < 3. Write out the following:
() PVQ (b) ~P (¢) (=P)V(=Q)

Solution
(a) The notation PV @) means P or @:
PvQ@: 3<4or4<3.
(b) =P: 3 >4 (The opposite of 3 <4 is 3>4).
() (~P)V(~Q): 324 or 4>3.

Example 5

Let P: A natural number is prime.
@): A natural number is composite.
Write out the following;:
(a) PV Q (b) (=P)V(=Q)
Solution
a) The notation PV @ means P or Q.
PV @ : A natural number is either prime or composite.
b) The notation <ﬁp)\/(—.Q) means (not P) or <not Q)

(—|P> V <—| Q): A natural number is not prime nor composite.

A symbol which combines statements is called a connective. For example, A, V and —

are connectives.
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From the three connectives =, A and V we can construct more complex propositions.

These three are the basis or fundamental connectives and you need to know their truth
values. The remaining section relies on you knowing the truth values of these

connectives.

Example 6

Construct the truth table for —|<P V Q)

Solution

—|<P Vv Q) means the opposite of PV Q. Hence if PV @ is true then —l(P V Q) is false
and vice versa. Therefore, the truth value of —|<P Vv Q) is the opposite of the last

column of Table 4:

P Q PVQ ~(PvQ)

T T T F

T F T F

F T T F

F F F T
Table 5

Note that the first three columns are the same as Table 4. The last column gives the

truth value of —l(P Vv Q)

Example 7|

Construct the truth table for (—|P> A (—| Q) )

Solution
Remember =P will have truth value opposite to P and similarly =@ will have truth
value opposite to . How do we find the truth values of <—|P) A (—|Q) ¢

Remember the connectives A (and) only gives true if both =P and —@ are true else

it is false. We obtain

Poo@ P 2@ (-P)A(-0Q)
T T | F F F
T F| F T F
F T | T F F
F F| T T T
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Table 6

What do you notice about the truth values of —|(P \% Q) and (—|P> A (—| Q) ?
Inspect the last columns of Table 5 and Table 6. Clearly —|<P V Q) and <—|P) A (—|Q)
have the same truth values. We say the compound propositions —|(P \Y Q) and
(—|P> A <—| Q) are logically equivalent or just equivalent and it is denoted by =.
We write this equivalence as

~(PvQ)=(-P)A(-Q).
Propositions are (logically) equivalent if they have the same truth value for every
combination.
e
Show that PV (Q A R) and (P vV Q) A (P V R) are logically equivalent.

Solution
We construct the truth table for these propositions.
For the three propositions P, ) and R we need 8 rows covering all the possible truth

values as shown in the first three columns of Table 7.

Col 1 Col 2 Col 3 Col 4 Col 5 Col 6 Col 7 Col 8

p ) R QAR Pv(QAR) PVQ PVR (PvQ)A(PVR)
T T T T T T T T
T T F F T T T T
T F T F T T T T
F T T T T T T T
T F F F T T T T
F T F F F T F F
F F T F F F T F
F F F F F F F F
Table 7

Since column 5 has the same truth values as column 8 we conclude that

pPv (Q A R) = (P Y Q) A (P Y R) [Equivalent].

I.1.5 Implication

Let P and @ be two Propositions. The compound statement

‘P implies @’
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means ‘if P then Q’. Implication is denoted by the symbol =-. That is
P=qQ,

which says P implies Q.
Bertrand Russell made the following statement regarding implication:
“Pure mathematics consists entirely of assertions to the effect that, if such and such a
proposition is true of anything, then such and such another proposition is true of that
thing.”"
Let P: I am elected.

@Q): 1 will abolish the death penalty.

Form the sentence that describes

(i) P=@Q (i) Q = P
Solution
(i) The notation P = () means ‘if P then @'
If T am elected then I will abolish the death penalty .
P Q
(ii) The notation ) = P means ‘if @) then P’
If T abolish the death penalty then I will be elected .
0 P
The truth table for P implies ), P = @, is given by:
P Q P=qQ
Row 1 T T T
Row 2 T F F
Row 3 F T T
Row 4 F F T
Table 8

You might think there is a misprint in Table 8, with regards to the bottom two rows,
which is read as ‘if P is false’ then ‘P = @ ’ is true, independent of the truth value of
Q. There is no misprint, this is correct. How can we justify these statements?
Consider Example 9 where P and () were the following propositions:

P : T am elected.

@ : I will abolish the death penalty.
If P is false that is ‘I am not elected’ then I am under no obligation to abolish the

death penalty. Implication is like a contract or a promise.

1 https://www.goodreads.com/quotes/577891-pure-mathemati cs-consi sts-entirel y-of -asserti ons-to-the-effect-that
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The only situation when P = @ is false (I have broken my promise) is
‘If T am elected then I do not abolish the death penalty.’

This situation is represented in Row 2 of Table 8.
In general the implication P = @ is only false if P is true and @) is false, otherwise
P = (@ is true.
Another example is if you mow my lawn, then I will pay you £25. This is only false, if
you mow my lawn and I don’t pay you £25.
The implication connective is very important in mathematics because when proving
results, the proof consists of a sequence of true statements connected by implication. A
proof starts with a statement which we know is true and ends with a statement that
we are required to prove. Each true statement follows from the previous true statement
by implication.
Let  P: ABC is a right-angled triangle with sides a, b and ¢ where a <b < c.

Q : The sides of the triangle ABC satisfy ¢* =a” +b°.
Write out the following;:
i P=Q (ii) Q = P
Solution
(i) P = @ means if P then Q.
P = @ : If ABC is a right-angled triangle with sides a, b and ¢ where a < b < ¢ then
it satisfies ¢® = a” +b°.
(ii) @ = P: If the sides of the triangle ABC satisfy ¢* = a® +b° then ABC is a right-
angled triangle.
Example 10 is Pythagoras’s Theorem.
We can show that P = @ is equivalent to <—|P> V @ that is (notP) or Q.
Show that

(P = Q) = ((—|P) Vv Q) [Equivalent]
We have placed brackets on the left and right of the equivalent sign, © , so that it
becomes easier to visualize the propositions.
Solution
What does equivalence mean in this context?
It means (—|P) VQ and P = @ have the same truth values for all possible

combinations of truth values of P and Q.
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In the first two left hand columns we list the combinations of truth values of P and @)
in Table 9. The truth value of P = @ is given in the last column of the previous Table
8. We can work out the truth value of (—lP) VQ. Hw?

First determine the truth values of =P (notP) and then (—|P) V @) . The truth table is:

P Q ~P (~P)vQ P=¢C

T T F T T

T F F F F

F T T T T

F F T T T
Table 9

The last two columns agree for all possible combinations of truth values therefore they

are equivalent, that is

(P = Q) = (<—|P) v Q) [Equivalent].

We can also state P = () as follows:

P is a sufficient condition for Q.
This means the condition P is enough for @ to be true.

() is a necessary condition for P.
We sometimes use these terms instead of P = @ .

P implies Q

sufficient necessary
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Exercises 1.1

Brief solutions end of Exercises.

Complete solutions at www.oup.co.uk/companion/NumberTheory

1.  Which of the following are propositions?

The ones that are propositions state whether they are true or false.
(a) 24+2=4

(b) 24+2=3

(c) All Swedish subjects have blonde hair.

(d) She looks beautiful.

(e) 2°-1=0

2. Negate the following propositions:
(i) Man can be pregnant.

(ii) Grass is green.
(

iii) Lecturers annual salary is over £45 000.

(iv) There are integers a and b such that % =7.

(v) There are integers a and b such that % =e.

3. Write the following in words:
¥ —-9=0=2"=9
= z=19

= =+3

4, Let P:xz <3, Q:2°<9. Write a sentence for
(i) P=@Q (i) Q = P
Do you think either of them, (i) and (ii), is true?

5. Let P: ABC is an equilateral triangle.

@Q): All the angles inside the triangle ABC are equal.
Write a sentence for

(i) P=Q (i) @ = P

Are both of these, (i) and (ii), true?
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6. Let P: nis prime and Q : 2" —1 is prime. Write the following in words:
(i) P=@Q (i) Q = P
*Do you think either of them, (i) and (ii), is true?

7. Construct the truth table for @) V P. Compare your answer with the truth value
for PV Q. What do you notice?

8. Construct the truth table for Q@ A P. What do you notice about your result by
comparing with PA Q7

9. Construct the truth table for:
(a) (~P)AP (b) (~P)v P (c) ~(=P)

10. What are the following compound propositions equivalent to?

() ~(=(-P)) (b) PAP () PVP  (d) (-P)A(-P)
11. Show that ﬁ<P A Q) and - PV —(@Q are equivalent.
12. Show that P A (Q Y% R) and (P A Q) V (P A R) are equivalent.

13. Devise an equivalence rule to the following compound proposition:

- .. (~P)

[Hint: The rule will depend on the number of ]
Let P be the proposition ‘the cup is full’. By using this devised rule what is =———P

equal to?
14. Construct the truth table for <ﬁP> = Q.

15. Construct the truth table for
(PA(-Q)= (BA(=R)]= (P=Q)

What do you notice about your results?

Brief Solutions to Exercises 1.1

1. (a), (b) and (c). 4 and 5. Both Proposition are true. 6. Only (ii) is true.
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SECTION 1.2 =) Introduction to Proof

By the end of this section you will be able to
understand what is meant by tautology
understand what is meant by ‘if and only if’

construct a P = @ [P implies @] proof

1.2.1 Tautology

Tautology is a compound proposition which is always true.

Example 12

Construct the truth table for PV <—|P).

Solution

We have (you were asked to construct this in Exercises I.1 question 9(b)):

P ’ ~P Pv(-P)

T | F T

F | T T
Table 10

It doesn’t matter what the truth value of P is but PV <—|P) is always true. This

is sometimes written as

PV(-~P)=T.
Hence PV (—|P> is an example of a tautology. This means P or (not P) is always

true.

For example, let Pbe ‘z> —9=0"then ‘2° —9=0 or z°—9=0’is always true.
P -P

That is 2> — 9 is equal to zero or it is not equal to zero is an example of a tautology
and therefore is always true.

Construct the truth table for (P = Q) A (Q = R) )

Solution

We first list the combination of truth values for the propositions P,  and R (in
the first three columns). Next, we evaluate

P = @ (column 4) and Q = R (column 5).
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Finally, we find the truth values of (P = Q) A (Q = R) in the right-hand column.

P Q R P=q 0=8 (P=QqJr(Q=R)
T T T T T T
T T F T F F
T F T F T F
F T T T T T
T F F F T F
F T F T F F
F F T T T T
F F F T T T
Table 11

Example 14

Construct the truth table for [(P = Q) A (Q = R)} = (P = R) . What do you notice

about your result?

Solution

We have already found the truth value of [(P = Q) A (Q = R)] in the last column of
the previous Table 11. We can copy this into the table below and find the truth

values of the remainder of the proposition.

P Q@ R [(P:Q)/\(Q:R)] P =R [(P:Q)A(Q:>R)}:>(P:>R)
T T T T T T
T T F F F T
T F T F T T
F T T T T T
T F F F F T
F T F F T T
F F T T T T
F F F T T T
Table 12

By observing the right-hand column of Table 12 we can say
[(P:>Q>/\(Q:>R>}:>(P:>R)

is a tautology. (It is always true). It can be written as
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[(P:>Q)/\(Q:>R)}:><P$R)ET
What does this proposition [(P = Q) A (Q = R)] = (P = R) mean?

It looks horrendous but all it says is:

‘If P implies  and (@ implies R then P implies R’.
ey —
(P=Q)\(Q=R) P=R

For example, let P, () and R be the following propositions:

1
P:2xr4+1=0, @Q: 2x=-1 and R: x:—g

Using [(P = Q) A (Q = R)] = (P = R) we have:
If
1

P=Q: 204+1=0 = 22=-1 and Q=R: 2v=—-1 = 2::—5

then
1

P=R: 2x+1=0 = x:—g.

This is how we deduce our results in a proof:
If P implies @ and () implies R then P implies R’

Y —_—
(P=Q)\Q=R) P=R

1.2.2 Converse

Let P and @ be propositions. We know implication between P and () is denoted by
P = @ . If we go the other way, which is Q = P [@Q implies P] then this is called
the converse of P = @ [P implies @)]. For example, let

P : I have two exotic holidays per year.

@ : I am rich.
What is P = Q ?

If I have two exotic holidays per year then I am rich.
P Q

What is Q = P ¢

If T am rich then I have two exotic holidays per year .
— : 1
P

Example 15

Construct the truth table for ¢ = P and compare your solution with P = @ . What

do you notice?
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Solution
Remember @ = P is only false when @ is true and P is false otherwise Q = P is

true. The truth table is given by:

P Q P=Q Q=P

T T T T

T F F T

F T T F

F F T T
Table 13

What can you conclude about P = @ and Q = P ¢
Since the truth values of P = @ and Q = P do not match therefore we conclude
that P = @ is not equivalent to Q = P:

(P = Q) =+ (Q = P) [Not Equivalent].

This is an important result which many students find difficult to accept especially
when proving propositions. They sometimes prove the converse, Q = P [ implies
PJ, and think they have proven P = @ [P implies @)]. You need to be very careful.
Let P be the proposition ‘x is an omelette’ and ) be the proposition that ‘x contains
eggs’. Then P = (@ is true because if z is an omelette then it contains eggs.
However, () = P is false because if x contains eggs then x maybe a cake or
something else, it doesn’t need to be an omelette.
Consider a mathematical example where P is the proposition ‘x =5’ and @ is the
proposition ‘z® = 25’ then P = @ is given by:

r=5 = 2’ =25 which is true.
However, the converse Q = P

2° =25 = x=25 is false because z could equal —5.

Consider another example where P is the proposition ‘a and b are odd’ and @ is
the proposition ‘a + b is even’ then P = @ is given by:
a and b are odd = a + b is even. [This is true, see Proposition (I.4) on page 18].
But the converse Q = P:
a+biseven = a and b are odd
is false. Why?
If @ +b =6 then a could be 4 and b could be 2. Hence a + b is even but both a and

b could also be even.
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Hence the converse, Q = P [ implies P], of the proposition P = @ [P implies ()]

may or may not true.

1.2.3 If and only If
You need to be very careful in this subsection because it is easy to be confused with
all the similar statements. Read each sentence carefully because it seems as if we
keep on repeating the same thing, but we are not.
We examine the implication of propositions going both ways, that is = and <.
From above we could not conclude whether () = P is true or false. In some cases,
() = Pis true but in other cases it is false. If the compound proposition P = () and
@@ = P have the same truth values then P = ) and ) = P are equivalent
propositions. If P = () and ) = P then this is denoted by P < () and we say ‘P
if and only if ¢)’. The symbol <, which looks like an equal sign with arrows on both
ends, means implication goes both ways.
Let P and ) be propositions then P < () means:

1. P=@ and @ = P [Implication in both directions].

2. Pif and only if Q.

3. P and @ are equivalent propositions.
An example is

7’ —3r4+2=0 & z=1 or z=2.

What does this statement mean?

If 22—32+2=0 then z=1lorz=2.

Also
If z=1lorz=2 then 2° —3z+2=0.

The implication goes both ways.
The Proposition P < () can also be stated as
‘P is a necessary and sufficient condition for ()’
Hence, P <& @, P if and only if ) and ‘P is a necessary and sufficient condition for

() are all equivalent.

1.2.4 Introduction to Proof
This is a challenging subsection. To be able to prove the results in this section you
need to thoroughly understand and apply the definitions.

What does the term ‘proof” mean?
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A mathematical proof is a series of steps of logical reasoning which eventually leads
to a conclusion. Each step is a deduction from the previous step by some logical
reasoning. In mathematics we are normally asked to prove a proposition or a
theorem. What does the term ‘theorem’ mean?

A theorem is a mathematical proposition whose truth can be established by proving
it. Many mathematical propositions and theorems we want to prove are of the form
P = @ [P implies @] where P and @) are propositions. To prove P = ) we assume
P is true and then by steps of logical reasoning we deduce ). Example 16 below
shows how this works.

In Example 16 we prove that if n is an even number then n’ is an even number.

It sounds like an obvious proposition but how do we know it is true?

Just because it works for every number we can think of, does not mean it is true.
We must prove it.

Before we can prove this, we need a definition of what is meant by an even number.
Definition (I.1). An integer n is an even number < there is an integer m such that
n=2m.

Can you remember what integer means?

A whole number is called an integer. Examples are —10, —3, 0, 1, 5.

What does this Definition (I1.1) mean?
Note that the implication goes both ways, that is:

if n is an even number then n = 2m [2 X integer].

And
if m» =2m then n is an even number.

We can also say that the even number n is a multiple of 2 or 2 divides n.

Example 16

Prove the following:
Proposition (I1.2). If n is an even number then n” is an even number.
We have an ‘if and then’ statement therefore we need to prove
n is even = n’ is even.
The procedure for proving P = @ is to assume that P is true and deduce @) by
steps of logical reasoning. Let P be ‘n is even’ and Q be ‘n” is even’.

Proof.
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Let n be an even number then by Definition (I.1) it can be written as n = 2m where
m is an integer. We have
n =2m
2 2 2 2 . .
n° = <2m) =4m” = 2(2m ) [Squarlng both sides
The bracketed term 2m® is an integer and
n® = 2(2m2) [2 X integer]

By Definition (I.1) we can say n” is even. This completes our proof.

The symbol ® at the end means that the proof is complete. We have shown what
was required.

Note the procedure in proving the proposition ‘if 7 is even then n’ is even’.

You need to know the definition of an even number and then use this definition to
prove ‘nis even = n’ is even.’

In mathematical proof we must be rigorous, each step follows from the previous step
by some logical reasoning. In the above proof, it is not good enough to say that

n® =2 (2m2> is even because we think it is. It needs to follow from some rule,

definition, proposition, theorem etc. For the above example we can only say n’ is

even because n’ = 2(2m2) satisfies Definition (I.1). That is

n® =2 x integer = n’ is even.
Generally, in a P = @ proof we call P the hypothesis and () the conclusion. In this
kind of proof, we assume the hypothesis, P, to be true and deduce the conclusion @
to be true.
Should proofs be learnt by rote?
No, but it is worth investing your time in learning and understanding definitions
and statements of propositions. Moreover, you should be able to apply these
definitions and statements in unfamiliar circumstances. You can only do this if you
are confident in the meaning of these. For example, we have used Definition (I.1) in
both directions, = and <=, in the proof of Proposition (I.2) above. You must know
this definition from left to right and right to left to be able to use it.

For proving the next proposition, we need to know the definition of an odd number.

What is an odd number?

Definition (I.3). An integer nis odd < n =2m + 1 where m is an integer.
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Example 17

Prove the following:
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Proposition (1.4). The sum of two odd numbers is even.
Proof.
Another obvious proposition but how do we prove this?
We consider two odd numbers such as m and n and then prove that the sum
m + n is even.
Let m and n be odd numbers. By Definition (I.3) we can write m and n as
m=2k+1 and n=20+1
where £ and /¢ are integers. Then
men =2k 4142 ]

— ok +20+2

= Q(k + 0+ 1) [Factorizing]
We have k4 ¢ 41 is an integer therefore

m+n= 2(k—|—€+1) [2><integer}

Using Definition (I.1) in < direction we can conclude that m + n is even. We have

proven that ‘the sum of two odd numbers is even’.

The proof in Example 17 is more challenging because how are we supposed to know
that we consider odd numbers m and n?

Because the given proposition says ‘The sum of two odd numbers...’

Therefore, we write out two arbitrary odd numbers m and n by using Definition
(I.3). Why arbitrary odd numbers?

Arbitrary here means random. There was no prejudice in choosing these numbers.
Hence if the proof works for arbitrary odd numbers, m and n, then it is valid for
all odd numbers. This is a technique used in proving general mathematical results.

By adding these numbers, we obtain a multiple of 2, that is m +n = 2<k’ + 0+ 1).

Then by Definition (I.1) we conclude that this is even. Again, the reason why
m+n=2(k‘+€+1>

is even is because it satisfies Definition (I.1).

In the above proofs we have been assuming the algebraic properties of real numbers.

In general, we will assume these, but they are given in Appendix A.
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1.2.5 Divisibility Proofs
What is meant by a divides b?

Definition (I.5). Let a and b be integers where a = 0. Then a divides b < there is

an integer x such that az =1b.

What does this Definition (1.5) mean?

Note that implication goes both ways. We have for some integer x:
if a divides b then az = b [a X (An Integer) = b]

and also, if ax = b then a divides b.

The notation for a divides b is a ‘ b. If a does not divide b then this is denoted by

a /~/ b.
Example 18

Prove the following:

Proposition (1.6). If a‘ b and b‘ ¢ then a‘ c.

Note: To understand mathematics you need to learn the symbolic language of

mathematics. If you don’t know what is meant by a ‘ b then you will not be able to
prove this proposition. From above we have a ‘ b means ‘a divides b.’
How do we prove the given proposition ‘if a‘ b and b‘ ¢ then a‘ c?’
Since this is an ‘if and then’ statement it is equivalent to

(a‘ b and b‘ c) = a‘ c.
It is a P = () proof where P is the compound proposition ‘a‘ b and b‘ ¢’ and (@ is
the proposition ‘a‘ ¢’. How do we prove P = Q ?

We assume P is true and then deduce () is true by applying logical reasoning. That

is, we assume a‘ b and b‘ ¢ are true and from this we deduce that a‘ c¢. What can
we use to prove a‘ ¢ from the assumption a‘ b and b‘ c?

We use the previous Definition:

(I5) «a ‘ b & there is an integer z such that ax =1b.

Proof.
Assume a ‘ b [a divides b]. By (I.5) we can say there is an integer z such that

ar =b.
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Similarly, by applying Definition (I.5) on the other assumption, b | ¢, there is an

integer y such that
by =c.
Substituting az = b into by = ¢ gives
(ax)y =c [Substituting b= ax]
a (:cy) =c
We have a(xy) = ¢ therefore we conclude by Definition (I.5) that a divides ¢ or in

notation form a‘ ¢ . This completes our proof.

Examine the steps in the proof of the previous Proposition (I1.6). We assume the
hypothesis a‘ b [a divides b] and b ‘ ¢ [b divides ¢| and by using Definition (I.5) in
the = direction we have integers z and y such that

axr =0 and by = c.
By substitution we have a(a:y) = c. Using Definition (I.5) on a(a:y) =c in <
direction, we conclude that a‘ c.

In proving a P = () proposition we first write down the hypothesis P which we
assume to be true. Then we use logical rules, definitions, statements of propositions
that have been proven before to deduce the conclusion (). Therefore, you need to
learn the definitions, statements of propositions so that you can use them in the
proof.

Sometimes it is helpful to write down the conclusion @ with a statement like

‘required to prove ()’. This helps in the direction of the proof and gives your proof a

destination.
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Exercises 1.2

Complete solutions at www.oup.co.uk/companion/NumberTheory

Throughout this exercise lower case letters such as a, b, c,...,n,... represent integers.

1.

Show that the following are tautologies.

(a) (-P)vP

(b) [P:Q P:R)}i[P:(Q/\R)]
© [P=a)a R:‘@)} (PVvE)=qQ
@ |[(P=@)A(-Q)=(-P)

Prove the following propositions:
) If m and n are even then their sum n + m is even.
b) If m and n are even then their subtraction n —m is even.

c¢) If m and n are odd then their subtraction n —m is even.

e) If m is even and n is odd then their sum m + n is odd.

(a

(

(

(d) If n is an odd number then n* is also odd.

(

(f) If m is odd and n is odd then their product n x m = nm is odd.
(

g) If n is any integer and m is even then their product n x m = nm is even.

Prove the following propositions:
(i) nis odd = n+1 is even
(ii) *The product of two consecutive integers is even.

[Hint: Use Proposition (1.4)].

Prove that if n is odd then n® —1 is even.

[Hint: Use the propositions proved in Question 2].

Prove the following propositions:

a‘() (b)a‘a (c)l‘a (d)a‘oz2
(e) a ‘ a" where n >1 is an integer.
(b + c)

be

a‘b and a‘c =

a‘b and a‘c = a

(h) ac‘bc = a‘bwhere c=0.
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(i) a‘b and c‘d = ac|bd

The remaining three questions are more difficult.
6. Prove the following proposition:

If nis odd then
(a) 8 ‘ (n* 1) (b) 32 ‘ (n? +3)(n? +7)

7. Show that if the last digit of an integer n is even then n is even.
[Hint: Write n as
n=aa a ,..000 (m>1)

m_ m—1"m—2 27170

where ¢ , a ., a _,.., a, a and a_ are the digits of n. Note that
m m—1 m—2 2 1 0

a, is the last digit. Hence n can be expressed as:

n=(a, x107)+ (a, x10"")+ (0, , x10"%)+ ..+ (g, x10°) + (g, x10') + 0,

8. Show that if the last digit of an integer n is odd then n is odd.
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SECTION 1.3 =) Proofs
By the end of this section you will be able to

construct a proof by contrapositive
understand what is meant by the term “without loss of generality”

construct a proof by contradiction

1.3.1 If and only if Proof
What s meant by ‘If and Only If’?
‘If and only if’ in mathematics is related to two propositions such as P and ). We have
P if and only if ) means P implies () and () implies P and is denoted by P < Q).
In this subsection we are interested in proving propositions of the form P < Q. How
do we prove these?
The proof of these, P < (), is done in two parts:
1. Prove P = @ (if P then Q).
2. Prove @ = P (if @ then P).
In part 1 we assume P is true and then deduce Q.
In part 2 we assume () is true and then deduce P.
The next example shows how this works. In this example we assume that you are
familiar with solving quadratic equations. Also we use the following;:
ab=0 = a=0or b=0
where a and b are real numbers. (You are asked to prove this in question 8 of Exercises
1.3.)
Prove that
r=2o0r 2=3 & 2°-5z+6=0.
How do we prove this?
Recall the symbol < means the implication goes both ways and in this case we have:
r=2or r=3 = 2 -5x+6=0
and
P’ —5x4+6=0 = z=2or =3
We can first prove ‘z =2 or 1 =3 = 2’ —5z+6=0" Thisisa P = @ proof

where we assume P (3} =2 or z= 3) and deduce @) (xQ —br+6= 0) .
Proof.
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<:>). Assume z =2 or = =3 then substituting these values into z° — 5z + 6 gives:
2’ —5(2)+6=0
3 —5(3)+6=0

Hence =2 or 1=3 = 2°—5z+6=0.

(@). The second part of the proof involves going the other way. Conversely assume

7> — 52 +6 =0 and we need to show £ =2 or z=3. How?
From the assumption 2> — 5z +6 = 0 we solve for
2’ =5z +6=0

= (iE — 2>(x — 3) =0 [Factorizing]

= z—2=0o0o —3=0

= z=2 or =3 [Solving]
Hence z° —52+6=0 = 2=2 or z=3.
By combining the two parts we have proved that

2 —=5z4+6=0 < =2 or z=3.

We could have proved ‘z° —524+6=0 = =2 or z =3 first and then proved
‘=2 or =3 = 2°—5x+46=0"1in the above example. It does not matter
which one you prove first. Normally it is simpler to prove the easier part first so that
you gain confidence. In the proof of Example 19 the word ‘Conversely’ was used and its
purpose is to divide the proof into two parts. It means we have finished the first part
and are moving on to the second part of the proof.

In the following example the lower case letters represent integers.
In the next example we use the notation a | b from the last section. What does a ‘ b
mean?

a ‘ b means ‘a divides b’ or there is an integer x such that ax = b - See Definition (I1.5)

on page 19.

Example 20

Prove the following:

Proposition (1.7). For ¢ =0,
ac ‘ be & a ‘ b.

What does this proposition say in everyday language?
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For ¢ =0 we have ‘ac divides bc’ if and only if ‘a divides b’. So how do we prove this
proposition?
We have the double implication sign, <>, going both ways therefore we must prove

both parts, that is

1. ac‘bc = a‘b.
2. a‘b = ac‘bc.
Proof.

How do we prove the first part ‘ac ‘ bc = a ‘ b’?

<:>). We have already proven this in Exercise I(b) Question 5(h).

(@). We need to prove the second part, that is a ‘ b = ac ‘ bc. How do we prove
this?

We assume a ‘ b and then deduce ac | be. By applying Definition (I1.5):

a ‘ b < there is an integer z such that ax =0.

on the assumption a ‘ b we have an integer y such that ay = b. Multiplying both sides

by ¢ gives
ayc = bc

ac (y) = bc
We have ac % (Integer) = bc. Again by Definition (I.5) we have deduced the required

result, ac ‘ be, for the second part.

Hence, we have proved ac ‘ be < a ‘ b where ¢=0.

1.3.2 Proof by Conrapositive
Let P and @ be propositions then the contrapositive of P = () is the proposition
<—|Q) = (—|P) that is (not @) implies (not P). Consider the example
P : 1 have two exotic holidays per year
@ :1am rich
What s the contrapositive of P = @ , that is (—| Q) = (—|P), for this example?

If I am not rich then I do not have two exotic holidays per year.
-Q p

Example 21
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Construct the truth table for <—|Q) = (ﬁP). What do you notice about your answer in

relation to the proposition P = Q ¢
Solution
In the first two left hand columns we list all the possible combinations of P and (). For

the next two columns we write down the truth tables for =@ (not Q) and =P (not

P) respectively. In the 5th column we find the truth values of (ﬁ Q) = (—| ):
P Q -Q - P (~Q) = (-P) P=Q
T T F F T T
T F T F F F
F T F T T T
F F T T T T
Table 14

By comparing the last two right-hand columns of Table 14 we can say <—| Q) = (—|P )
and P = ) are equivalent. That is

((—' Q) = <—|P>> = (P = Q) [Equivalent].
This result, (<—| Q) = (—|P)) = (P = Q), is important and is often used to prove
P = @ . That is, if you prove (_| Q) = (—lP) then you have proven P = ) because
they are equivalent.
Summarizing from the last section and the above example we have two critical results:

(Q = P ) 7 (P = Q) [Converse is Not Equivalent]
((_' Q) = <_‘P )) = (P = Q) [Contrapositive is Equivalent]

These two propositions maybe hard to believe because they tend to be against our
intuition.

If you are asked to prove P = @) then you can show <—|Q) = (—|P) but not Q@ = P.
Sometimes it is easier to prove (not Q) = (not P) rather than P = @ . The following

example is such a case.

Prove that if n” is odd then n is odd.

Comment. Clearly this is a P = @ statement because it has ‘if and then’ in the
statement of the proposition. Let’s try proving the given proposition by using the
normal procedure for P = ) proof. The procedure is to assume P (n” is odd) and then

deduce @ (nis odd).



Introductory Chapter Page |28

Assume n® is odd. By Definition (I.3)
(L.3) nisodd & n=2m+1
we can write n’ as
n* =2m+1
where m is an integer. To find n we take the square root of both sides:

n:\/E:\IQm—I—l.

We need to prove that n is odd, but we have
n=+2m-+1.
How can we prove n=~2m+1 is odd?
It’s going to be impossible to show that n =+/2m +1 is odd because we do not have

any further information. Clearly if we assume P (n” is odd) and then try to deduce Q
(nis odd) it leads us down a blind alley.
So how are we going to prove the given proposition
n’ is odd = n isodd ?
Prove the contrapositive of the given proposition.
Proof.
What is the contrapositive of ‘n® is odd = n is odd '?

. 2 .
n 1S even — n 1S even

How do we show this?

This was Proposition (I.2) of Example 16 in the last section. We have already shown
this result.

Note we have proven the contrapositive, ‘n is even = n’ is even’, therefore we
have proven the given proposition, that is ‘n*> is odd = n is odd’. These are

equivalent propositions.

1.3.3 Without Loss of Generality

Generally, in a mathematical proof we might have to cover several choices, but the
proof is the same for each of these selections. In this case it is smarter to say “without
loss of generality assume...”

Without loss of generality abbreviated to WLOG is a simplifying assumption.

For example, say you want to prove a result concerning real numbers such as x and y.

In the proof you might need to know which of the two numbers is larger, z or y. We
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can say “Without loss of generality assume x <y [z is less than y]” and then proceed
with the remaining proof.

The next example uses WLOG and is in the field of inequalities of real numbers. We
will examine inequalities more seriously at the end of this chapter.

Let a, b and c¢ be real numbers. We assume the following properties of inequalities:

a>b = a—0>0 (1)
a>b = a+c>b+c (*)
c>0, a>b = ac>bc (**)

Note that (*) is valid for any real number ¢ but (**) is valid for positive ¢ only.
We will prove these in Section 1.6 but for the time being assume them to be true.

Example 23

Prove the following, for all real numbers z and y:
(a: + y>2 >4dzy.
Proof.
First consider real numbers z and y where z = y. Without loss of generality (WLOG)
assume y > = . Then by (f) we have
y—x>0.
Multiplying both sides by y — z and using (**) with ¢ =y —2 > 0 we have
(y—x)(y—x)> 0
Yy —2xy+2° >0 [Expanding (y — x)(y — x) =y’ —2xy + 2’
By adding 2zy to both sides and using (*) we have
Y 4+ 2" =2y + 2zy > 0 + 2y
g

=0

Y+’ > 2y
Adding another 2zy to both sides we have
Y+ 27 4 2xy > 2y + 2xy
()

(m + y)2 > 4y lBecause (m + y)2 =y’ 4+ 2° + 2y

Initially we have assumed x = y but what about the case when x =y ¢
If z = y then on the left-hand side, we have
(x + y)2 = (x + x)2 = (2x>2 = 42°.
On the right - hand side we have
dzy = 4oz = 42°.

Thus when z =y we have equality:
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(:U—I—y)2 =dxy.

By combining the two parts (z = y and z = y ) we have our required result,

(33 + y)2 >4zy.

1.3.4 Procedure for Proof by Contradiction
‘A chess player may offer the sacrifice of a pawn or even a piece, but the mathematician
offers the game.” G.H. Hardy (1877-1947), who was one of the greatest mathematician
of 20™ Century England, on proof by contradiction.

A compound proposition which is always false is called a contradiction.

Example 24

Construct the truth table for P A (ﬁP). What do you notice about your result?
Solution
The truth table can be established as follows (you showed this in question 9(a) of

Exercises 1.1:

P ‘ ~P P A(=P)

T | F F

F | T F
Table 15

The right-hand column of Table 15 shows that P A (ﬁP) is a contradiction. In words
this means P and (notP) is always false.
Let P be the statement z° —1= 0. What is =P (not P) in this case?
z* —1=0.

Hence P A (—|P ) is given by

7—-1=0 and 2°—-1=0
must always be false because you cannot have both

> —=1=0 [Equals zero| and 2 —1=0 |Not equal to zero|.
Wesay ‘2°—1=0 and 2°—1==0"is a contradiction.
Suppose we want to prove a proposition P then the procedure for proof by
contradiction is as follows:
1. We assume the opposite that is (not P) is true.

2. We follow our logical deductions in the proof and this will lead to a

contradiction.
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3. Since our assumption in part 1 of (not P) is true leads to a contradiction

therefore (not P) is false.

4. Since (not P) is false therefore our given proposition P must be true.
This method is called proof by contradiction. The tradition name of this proof is
“reductio ad absurdum” which means reduction to absurdity.

zt 4+ 2
T

For example; prove that = x has no solution.

Proof. Suppose there is a solution =z = a which satisfies the given equation. Then
2
a” +2

a

=a = o +2=a¢ = 2=d"—-ad*=0.

Clearly the last statement 2 = 0 is absurd. Hence our supposition that there is a
solution must be wrong, so the given equation has no solution.
The challenge in these proofs is stating the negation of the given proposition P that is

writing down (not P) and deducing a contradiction. Before we construct proofs by

contradiction, we investigate the negation of a proposition.

[.3.5 Negation of a Proposition
Consider the negation of the following propositions.
Let P be the proposition ‘there are an infinitely many primes’.
What is (not P) equal to?
The proposition (not P) is
‘there are a finite number of primes’.
Let R be the proposition ‘if n” is even then n is even’.
What is (not R) equal to?
The proposition (not R) is more difficult to write down because we have a P = @
proposition where

. 2 . .
if n° is even then n 1is even.
- -

) =Q

Why is “if n* is even then n is even’ a P = @ proposition?
Because it has an ‘if and then’ in the statement. Thus proposition Ris P = Q.
Therefore (not R) 1S not(P = Q) but what s not(P = Q) equal to?
By constructing the truth table of this we can show that
[not (P = Q)] = [P A (not Q)} [Equivalent].

You are asked to prove this result in question 1 of Exercises 1.3.
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‘P /\(not Q)’ is ‘P and (not Q)’ which means that (not R) equals ‘P and <notQ)’.
Hence (not R) is

2 . .
‘n“iseven and n is odd’.
- - 7

P not @

Consider another proposition @ given by ‘it is impossible to find non - zero integers
a, b and c¢ such that

a" +b" = c¢" where n > 3".
The negation of this, or <not Q) , i
‘it is possible to find three positive integers a, b and c¢ such that

a" +b" =" where n > 3.
This proposition @) is the famous Fermat’s Last Theorem. Fermat was a French
Lawyer and he did mathematics in his spare time. The reason why Fermat’s last

theorem is popular is because Fermat stated his theorem around 1630 and added that

“I have discovered a proof, but the margin is too small to write the proof”.
:l e 1 . 5

L= Toal =

Figure 2 Piéffe de Fermat | Andrew Wiles
However, for over 350 years no one could find a proof for this theorem. Eventually in
1993 Andrew Wiles a British mathematician working in Princeton USA provided a
proof at Cambridge. Initially his proof had a flaw but it was resolved in 1995.
Fermat’s last theorem states that the equation
a" +b" =c" forn >3

has no non - zero integer solutions. What does this mean?
We know there are integer solutions for n = 2 because it crops up in Pythagoras’s
theorem (these numbers are called Pythagorean triples):

3 +4°=5, 54122 =13, & +15° =17",...
However, when the index n > 3 we cannot find non — zero integer solutions to the

above equation. This means there are no positive or negative integers a, b and ¢

such that
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o+ =c at+b=c', "+ =c,..
There are some near misses such as 6° +8° = 728 but 9° = 729.
1.3.6 Proof by Contradiction
In this subsection we look at examples of proof by contradiction. The proof is carried
out by using the procedure outlined in subsection 1.3.4.

An important tool we use to prove results is the Pigeonhole Principle given by:

(I.8) Pigeonhole Principle: If there are n +1 or more objects and only n boxes then

some box will contain at least two objects.

Proof. (By contradiction).
Suppose each box contains at most one object. Then the largest number of objects is

14141+ F1l=n,

v
There are n ones

This is a contradiction because the largest number of objects is n but we have n +1 or

more objects.

It is worth learning the Pigeonhole Principle statement.
We need to define the term reciprocal for the next example.
Definition (I1.9). Let z be a non-zero real number. The reciprocal of this real number, z,
is a real number y which has the property
rXxy=uay=1.

. .1 . . 1 . .1
For example the reciprocal of 3 is 3’ reciprocal of —2 is —5 reciprocal of 7 is —
™

. 2. 3
reciprocal of —= is ——.
3 2

Example 25

Prove the following:

Proposition (I.10). Every non-zero real number has a unique reciprocal.

What does the word ‘unique reciprocal’ mean?

There is only one reciprocal.

We can use proof by contradiction to prove this proposition. To use this approach,
what do we need to do first?

We need to state the negation of the proposition, which is:

There is a non-zero real number whose reciprocal is not unique. What does this
statement mean?

There is a non-zero real number such that it has more than one reciprocal.
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Proof.
Suppose there is a non-zero real number call it x whose reciprocal is not unique.
Consider it has two different reciprocals call them y and z.
Then y does not equal z, that is y = z. Why not?
Because if y = 2z then z has the same (one) reciprocal and so that means it is unique
and there is nothing left to prove.
Since y and z are the reciprocals of z therefore by Definition (I1.9) we have
zy=1 and zz=1.
Because these, zy and xz, are both equal to 1 so we can equate them
TY = T2 .
Since x is non-zero, we can divide through by x which gives
y==z.
But above we had y = 2. We cannot have y = z and y = 2. Hence this contradicts our
supposition on the first line of the proof, that there is a non-zero real number whose

reciprocal is mot unique. Thus, the given proposition must be true.

What exactly is the meaning of the negation of the original proposition in the above
proof?

If it is nmot unique means, there must be more than one so we considered two reciprocals
(of course we could have considered three or even more, but it just makes the proof
untidy and unreadable).

Next, we applied logical mathematical deductions assuming two reciprocals in the
above proof and this resulted in a contradiction. Since we had a contradiction this
means that our supposition of two reciprocals must have been false. Hence the given
proposition ‘every non-zero real number has a unique reciprocal’ must be true.
Proposition (I.10) is an important result in the mathematics of real numbers. The

reciprocal is also called the multiplicative inverse. In general, if x is a non-zero real

number then the unique reciprocal (or unique multiplicative inverse) of xis —.
x

In the next example we state a proposition which is called a lemma.
A lemma is a proposition or theorem used to prove another proposition or theorem.

Lemma is a stepping stone to prove a more important result.

Example 26

Prove the following:

Lemma (I.11). If n® is even then n is even.
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Proof. See question 3(a) of Exercises 1.3.

In the next example we prove that \/5 is not a rational number. What is a rational

number?

Definition (I.12). A rational (ratio) number is an integer or is written as a fraction of

two integers, p and ¢, denoted by P where qg=0.
q

2 1 3 10 000 18
For example; —, ——, 3=—, — and 9 = — are all rational numbers.
3 1 6 2
We can write each rational number £ in its simplest form. For example
q
4_2 2.1 9. 3 15_5
6 3 4 26 20 9 3

A rational number in its simplest form is when it is written with no factors in common
apart from 1. What does the term factor mean?

A factor is a number that divides another (or the same) number. For example 2 ‘ 4

[2 divides 4] and we say 2 is a factor of 4. Clearly 1 is always a factor of every number.

However, we want to prove \/5 is not a rational number. Can you think of where \/5
appears?

In a right-angled triangle with smaller sides of unit length as shown in Fig. 3:
N I

Figure 3 1
The longest length (hypotenuse) is found by applying Pythagoras theorem:

P412=2 = JI24+12 =42,

Example 27

Prove the following:

Theorem (I.13). J2 is not a rational number.

Proof. (By contradiction).

Suppose J2 is a rational number. By Definition (I.12) we can write V2 as

2

q
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where p and ¢ (z 0) are integers with no factors in common other than 1. We say LASN
q

in its simplest form. If they do have factors in common, then cancel them down to its

simplest form. Multiplying both sides of 2_ \/5 by ¢ gives

q
p= \/Eq
p’ =2¢ [Squaring both sides]

We have p* = 2¢° is a multiple of 2 therefore it is even. By Lemma (I.11)

(L.11)  n*iseven = n is even

we have
p” is even = p is even.
Since p is even, we can write this as
p = 2m where m is an integer.
Hence p° = (2m>2 = 4m’.
Substituting this, p* = 4m?*, into the above, 2¢° = p*, gives
2¢° =4m’
¢ = 2m® Dividing by 2|
We have ¢* is a multiple of 2 therefore ¢° is even. Again, by Lemma (I.11) we have
¢’ is even = ¢ is even.
Hence, we have both p and ¢ are even. This means that both p and ¢ have a common
factor of 2. This is a contradiction. Why?
Because at the start of the proof we said that p and ¢ have no factors in common
(apart from 1) and now we have shown that p and ¢ have a common factor of 2. Our
supposition ‘\/5 is a rational number’ must be false. Hence \/5 is not a rational

number.

[ ]
A number which is not a rational number is called an irrational number. We say \/5 is
an irrational number. \/5 was the first known irrational number and again it was the

Greeks who two thousand years ago produced the first proof of the irrationality of \/5 .

Other examples of irrational numbers are
\/5, \/g, \/g,ﬂ and e.

In fact, square root of a non-square number is irrational therefore

\/8, \/? , \/g and V10 are all irrational numbers.
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Example 28
Prove the following;:
(I.14) Let n be a non - square real number. Then Jn s irrational.

Proof.
Suppose \/; is rational. Then

\/; =2 where p and ¢ = 0 are integers.
q

Squaring both sides gives

Hence n is a square number which contradicts our assumption. By contradiction we

have our result that +n is irrational provided n is a non — square number.

We have the stronger statement:
If n is a non- square number and a and b are integers then
a+ b\/; is an irrational number.

You are asked to prove this in question 17(ii) of Exercises 1.3.
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Exercises 1.3

Brief solutions end of Exercises.

Complete solutions at www.oup.co.uk/companion/NumberTheory

1. By constructing the truth table show that
[not (P = Q)} = [P A (not Q)} [Equivalent]

2. Prove the following results:
(a) 2°-3z+2=0 & z=1o x=2
b) 2°—-102+4+21=0 & x=3 or z=7

d) xQ—(a+b>:1:+ab:0 & z=a or x=0

2

(
(¢) 22-1=0 & x=1o z=-1
(
(e) 2= & r=y or x=—Y

3. Prove the following propositions:
(a) miseven < n’ is even.
(b) mn is odd < both m and n are odd.
(¢) m+n isodd < only m or only n is odd.
(

d) mn is even < at least one of m or n is even.

4. Let P and () represent the following mathematical propositions. In each case
decide whether P = Q or Q = P or P < (. You do not have to prove any

of these statements:

a) P: >0 Q:a>0

by P: a=0, Q: a’>0

c) P:z>3 @Q: z>4

d P:z=2or 2=-1, Q:2°—1-2=0

f) P: a‘(b+c), Q: a‘b and a‘c

(
(
(
(
(e) P:az’ +bx+c=0 has two real roots, Q: b*—4ac >0
(
(g) P: ac‘bc, Q : a‘b where ¢ = 0.

(

h) P: e =1 Q: z=0
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(i) P:ln(:r):(), Q: z=1
(j) P: 0<a<b, @: a"<b" where n is a positive integer.
1

1
(k) P:0<z<y Q:0<-—<-—
Yy T

5. Consider the following four cards:

E G 6 9

Figure 5
Each card has a letter on one side and a number on the other. You are told
that if a card has a vowel on one side then it has an even number on the

other. Which two cards should you turn over to test this statement?

6. In a class there are eight students. Prove that at least two of the students

were born on the same day of the week.

In each case prove the following statements by applying contradiction. In some cases
it may be easier to do a direct proof but this is an exercise in proof by contradiction.
7. Prove the following proposition:

For every real number, z, there is a unique real number y such that
r+y=20

[y is called the additive inverse of z].

8. Let z and y be real numbers. Prove that
2y=0 = z=0 or y=0

In the remaining questions lower case letters represents an integer.
9. Prove that n” is odd = n is odd.
[We have proved this result by contrapositive in Example 22. This time prove

the result by contradiction and compare the two proofs].

10. Prove that n® is odd = n is odd.

11. Prove that n® is even = n is even.



12

13

14

15

16

17

18
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. Prove that ab is odd = both a is odd and b is odd.

. Prove that ab is even = ais even or b is even.

. Prove that \/6 is irrational.

. Prove that ¥2 is irrational.

. Prove that there are no positive integer solutions such that

a—=b=1.

. (i) Prove that the sum of a rational and irrational number is irrational.

(ii) Prove that a + b\/g is irrational if n is a non- square number and a and

b = 0 are integers.

. Consider the triangle shown in Fig 6. Show that if /B = ZC then

AB=AC.

Figure 6

A

Brief Solutions to Exercises 1.3

4. (a)Q = P

(d) P&Q

(8) P=@Q

(§) PeQ

5. Cards E and 9.

(b) P& Q (c) Q=P
(e) P&Q ) Q=P
(h) P @Q (i) P=Q
k) PeQ
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SECTION 1.4 == Principle of Mathematics Induction

By the end of this section you will be able to
understand the procedure for proof by induction

construct proofs by induction

In this section we examine propositions concerning positive integers. The positive
integers 1, 2, 3, 4, ,... are called natural numbers or counting numbers. In this section,

lower case letters represent natural numbers.

1.4.1 Principle of Mathematics Induction

Mathematical induction is a powerful tool used to prove propositions concerning

natural numbers.

Principle of Mathematical Induction (I.15)

For each natural number n, let P(n) be a proposition about n. If P(n) satisfies:
1) P(l) is true,
2) for an arbitrary £, P(k) is true implies P(k + 1) is true.

Then for all natural numbers, n , we have P(n) is true.

Parts 1) and 2) suggest that
P(l) implies P<2), P(Q) implies P(3), ey P(k) implies P(k—}-l),...
This is called the domino effect. Once one of the dominos topples it causes the rest to

topple as well. You use the k£ th domino to knock down the (k + 1) th domino.

Figure 7 Domino Effect

Another analogy is climbing an infinite rung ladder. Mathematical induction says if
you can climb onto the first step of the ladder, and from any (k th) step you can climb
to the next (k+1)th step, then you can climb to the top of the ladder, although this

ladder has an infinite number of rungs.
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The process is that we show P (1) is true and by assuming P(k) is true we prove
P(k + 1) is true. If both P(l) is true and P(k) implies P(k + 1) then proposition
P(n) is true for all natural numbers n.

We can apply this principle of mathematical induction to prove results about natural

numbers.

Example 29

For every natural number n prove the proposition P (n) given by

1
1+2+3+4+m+n:§n@+g.
What does this proposition mean?

It means that if we add the first n natural numbers then the answer will be

1
§n<n + 1). For example, if we add the first two numbers we have

1
1+2= 5(2) <2 + 1) =3 [Substituting n = 2 into the above.]

We need to show this result for all the natural numbers n. How?
We use mathematical induction because the proposition concerns the natural numbers.
Proof.

First, we check the proposition for n =1 :

1

1==(1)(1+1 /

;1)1
Hence the proposition is true for n = 1. Next, we assume the given proposition is true
for n =k, that is P(/-c) How do we write this P(k) ?
By substituting n = k£ into the given proposition

1
1+2+3+4+...+n:§n(n+1)

which yields

1
1+2+3+4+m+k:§@Mk+g (*)

We have labelled this result by (*) because we are going to prove the proposition for

n=k+1 by using (*). How do we write the proposition P(k + 1) ?

This is the addition of the first £ + 1 natural numbers, so substituting n =k +1 into

the given proposition gives:
1+2+3+4+...+k+(k+1):%(k+1)(k+1+1):%(k+1)(k+2) )

=k+2
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This means that we have to prove the sum of the first (k + 1) natural numbers is equal

1
to E(k + 1) (k’ + 2). It is critical that you realise we need to prove (**), we have only

stated P (k + 1) not proven it yet. The challenge is to show that the left-hand side is
equal to the right-hand side of (**). How?
By simplifying the left — hand side using (*);

14243+ +k+(k+1)=1+2+3+4+..+k+(k+1)

:ék(k-H) by (*)

_ %k (k+ 1)+ (k+1) [Simplifying|

= (b 1)k (k4 1)2 [Rewriting (k1) = J(k+1)2

= %(k + 1)(k + 2) [Factorizing]

The last line is the right-hand side of (**). Hence our result holds by the Principle of

Mathematical Induction (I.15) because we have shown (**).

Notice how we assume P (/-c) to be true and then use it to prove P(k‘ + 1). The
proposition P(k) in the above was (*) and we used this in the derivation of P (k’ + 1).
We knock down the first domino P (1) and then we use the k£ th domino P(k) to
knock down the (k + 1) th domino P (k + 1). By mathematical induction we conclude

that adding the first n positive integers gives us:

1+2+3+4+...+n:1n(n+1).
2

We can write the left — hand side 1+2+4+ 3+ 4 +... +n in compact mathematical
notation. In mathematics we use the Greek letter Z , pronounced sigma, for writing

this:

1+2+3+4+...+n=2m.
m=1

This Zm means ‘the sum of all positive whole numbers between 1 and n’.
m=1

We can write the sum of odd numbersas 1+3+5+... + (2n — 1) = Z<2m — 1).

m=1

Example 30
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For every natural number n prove the proposition P (n) given by

1+3+5+7+m+@n—3:§é@m—gzn?

m=1

This proposition says that if we add the first n odd counting numbers then the answer

will be the square of n. For example, if we add the first two odd counting numbers, we

have
1+3=2"=4 [Substituting n = 2 into the given proposition.]
Similarly, adding the first five odd counting numbers gives
14+34+54+7+9="5 | Adding the first five odd numbers, that is n = 5.
5 Terms
and so on.
Proof.

First, we check the proposition for n =1:
1=1° /
The proposition is true for P (1) Next, we assume the given proposition is true for
n = k that is P(k):
L4+ 34+5+T7+..+(2%k—1)=F (1)

first £ odd counting numbers

We have labelled P(k‘) by (1) because we are going to prove the proposition for
n =k +1 by using (). How do we write the proposition P(k + 1) ?
By adding the first £ +1 odd counting numbers (substituting n =k +1):

4345474+ (26— 1)+ (2(k+1) 1) = (k+1) (t1)

\ J

First k& terms (k+1)th term

We need to prove this, (1), result. How?
We can simplify the sum from 1 to <2k — 1) by using (1), we have
L4345+ .+ (2 —1)+(2(k+1) = 1) = 14+8+5+T+..+ 2k — 1)+ (2k +2 1)

First k odd terms =k by (1)

=k +2k+1 [Simplifying]

2
= (k + 1) [Factorizing]
The last line is identical to the right-hand side of ({1). By the Principle of

Mathematical Induction, we have the sum of first n odd counting numbers is n>.

In the above example, we first showed that the given result was true for P (1):

1=12 n=1]
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Secondly, we assumed it is true for P(k):
1434547 +..+(2k—1) =& [n = k|

and finally, we used this assumption to produce the result for P (k + 1):

143 +5+7 4.+ (26 —1)+(2(h+1)=1) = (k+1) (n=k+1|

[.4.2 Divisibility Example

We can apply mathematical induction to divisibility examples.

Remember we can write a divides b by the following notation a | b where the vertical
line represents division. Recall a divides b means that there is an integer m such that
am = b or bis a multiple of a. In mathematical notation we write

a ‘ b & there is an integer m such that am =1b.

This was Definition (I.5) on page 19.

Example 31

For every natural number n prove the proposition P (n) given by
3] (2 +1).
What does 3 ‘ (22"_1 + 1) mean?
2*"1 11 is divisible by 3 exactly
or there is an integer m such that
2" +1=3m.
To put it another way, 2°"" +1 is a multiple of 3 for every natural number n.

Proof.
How do we prove 3 ‘ (22"_1 + 1) ?
We apply mathematical induction. Why?
Because the given proposition P (n) holds for every natural number n.
First we check the first domino P(l) is knocked over, that is substituting » =1 into
27+ 1
2 +1=2"+1=3 /
Clearly 3 divides 3 and this is denoted by 3 ‘ (22’1 + 1). Hence the proposition is true

for P(l). Next we assume the given proposition is true for n = k£ that is 3 divides

27" 41 or in notation form 3 ‘ (22’“’1 + 1). This means there is an integer ¢ such that
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3¢=2""+1 (%)
The challenge is to prove the result for n =k 41 by using ($). How do we write down
P(k+1)?
By substituting n = k +1 into the given proposition 3 ‘ (22”’1 + 1) :
3 ‘ (22(“1)’1 + 1).
That is, we need to prove

3 divides 22 41

Let’s examine the right - hand term, 9?1)1 +1:
22(]”1)71 +1=2""" 11 [Rewriting the index of 2]
=2%127 41 [Applying the rules of indices a"*" = a™a"
= (4)2%7 +1 |Rewriting 2 = 4]
=(3+1)2"" +1 [Rewriting 4 =3+ 1]

=(3)2" 42 41 [Expanding (3+1) 22’“1]

By ($) we know the last two terms on the right-hand side, 2°*"" +1, are equal to 3¢.

Therefore, we obtain

+ 1 — (3)22/{71 + 22}671 + 1
=3¢ by (8)

_ (3)2%71 + 3¢
= 3(22’H + q) [Taking out a common factor of 3

k1)1

9l

Thus the left - hand term 22<k+1)_1 +1= 3(Integer) which means it is a multiple of 3 or

2(k+1)—

3 divides 2 ' +1. We have proven P (/{:) = P (k‘ + 1), therefore our result

follows by induction.

1.4.3 Factorization Example

We can apply the principle of mathematical induction to prove general results
concerning natural numbers. For example, we can use induction to prove the binomial
theorem for positive integers (natural numbers). There is a great deal of algebraic
manipulation in proving the binomial theorem, but the procedure of mathematical
induction is the same. You are asked to show the binomial theorem in question 18 of
Exercise 1.4.

Let’s first prove a result regarding factorizing of a" —b" where a and b are real

numbers and n is a natural number. This is a particularly useful result because it can
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be employed to factorize expressions which look like a" —b". The difficulty is trying to
prove the result for n =k +1 and we use the ‘trick’ of writing 0 as z — z or in our
Example 32 below as —a'b + akb(z 0).
Up to now we have been proving results by mathematical induction for all natural
numbers 1, 2, 3,4, ..., n, ...
Clearly some results may not be valid for the first few natural numbers. That is the
starting point may not be 1 but some other natural number such as n, say. In the
next example the result is valid for 2, 3, 4, 5,..., n, ... so the starting point is n = 2
and not n = 1. In general, the process of mathematical induction is the same apart
from the starting point. If the starting point is 7, then the process of mathematical
induction is:

1. We check the result for n =n, (starting point). Check P(no).

2. Assume it is true for n = k. Assume P(k)

3. Prove P(k) = P(k + 1).
We use this to show the following identity:

a" —b" = (a — b)(a"‘l +a" b +a" b -+ b"‘l)

What does the term identity mean?
An identity is an algebraic expression which is valid for all values of the unknowns.

For example, the following are identities:
<a + b)2 =a’ +2ab+ b’ is true for all values of a and b.
a’ —b = (a - b)(a + b) is true for all values of a and b.
sin’ <0> + cos® (0) =1 is true for all values of 6.

However 2z 4+ 1= 0 is not an identity because it is only true when z = —1/ 2.

Example 32

Let ¢ and b be real numbers then for the natural numbers n > 2 we have the
proposition P(n) given by

(L.16) " =b" =(a=b)(a" +a" b+ a B + .. ab + b
Prove P (n)

What does this proposition mean?

An expression of the form a" —b" can be factorized into

" =b =(a=b)(a"" +a" b+ a B + .. ab + b
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and of course, we can use this to solve equations of the type a" —b" = 0. In any case
how do we prove this result?
Since it is a result concerning natural numbers n therefore, we can use induction.
Proof.
We first show this result for n =2 (Our starting point is n = 2). How?
By substituting n = 2 into the given proposition:
o> —b* =(a—b)(a+b)
Of course, this is a fundamental identity of algebra, do you remember what it is called?
Difference of two squares. Thus P(Z) is true.
Assume the proposition is true for n = k that is P (/-c)
a" —b" = (a — b)(a’H +a"b+a" .+ ab" T+ bH) (*)
The difficulty in the process of induction is to prove the result for n =k +1 by
employing (*). What do we need to prove?
Required to prove P(k’ + 1) , that is:
"t = = (a — b) (a’”l_l + a7 4+ " 4 4 b+ ka_l)
=(a=b)(a" +a b +a"W +..+ab +b') (**)
We need to show the left-hand side is equal to the right-hand side of (**). Let’s

consider the left-hand side on its own:

Using the above stated trick

k+1 k+1 k+1 k k k+1
a” b =a" —a'b+ab—0> : :
of writing 0 = —a'b + a'b
=a'a—a'b+a'b—b'b [Using the rules of indices o™ = a"”a"]
=a" (a — b) + b(ak - b") [Factorizing out common terms]

a" (a — b) +b (a — b)(ak’1 +a"7h+a" + a4 bk’l)
by ()

(a — b)(ak + b(ak_1 +a"?b +a"7 . ab" T+ bk_l)) [Factorizing out (a — b)}

Multiplying by b

o b k k*lb k72b2 k73b3 bk71 bk
(a )(a ta ta ta teta + ) in the second bracket

Since the last line is the right-hand side of (**) we have shown (**). Hence, we have
our factorized result, a" —b" = (a — b)(a”fl +a"b+a"°0 + ... Fab" "+ b"’l) .

|
Example 32 was a challenging problem but the procedure for mathematical induction
is the same apart from the starting point which was n = 2.

In the next example we prove a proposition which is a corollary.
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A corollary is a proposition which follows from one already proved. Normally it is a

special case of the already proven proposition.

Example 33

Prove the following;:
Corollary (117)  a” ~1=(a’ 1) (a"(s‘l) I U 1)

where 7 and s are integers.

Note that this corollary says that a™ — 1 factorizes into
(a—1) (a’“(s‘l) +at P pta 4 1)
Proof.
Using the rules of indices to rewrite a” = (ar )5 and the previous proposition:
(1.16) a" —b" = (a - b)(an_1 +a" b +a"h 4.+ ab" T+ b"‘l)
with a =a", b =1 and n = s gives
(@) =v = =) o) ) ]
o

Therefore a”* —1 = (ar - 1) (ar(s_l) + ot +ota + 1). This completes our proof.

s—l) 7 5—3)

et +1]

Note that this corollary is the special case with a being replaced by a”, b being
replaced by 1 and n being replaced by s in the previous general proposition (1.16).

Also, we did not employ mathematical induction to prove this Corollary (I1.17).
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Exercises 1.4

Complete solutions at www.oup.co.uk/companion/NumberTheory

1. Show that for all-natural numbers, n:

2+4+6+...+2n:§:2m:n<n+1).

m=1

2. Prove that for all-natural numbers, n:

2+5+8+...+(3n—1):i(sm—l):%n(mﬂ).

m=1

3. Prove that for all-natural numbers, n:

n

z:m3 = inQ (n + 1)2 )

m=1

4. *Prove that for all natural numbers, n:

zn:m3:(1+2—{—3—|—4—|—...+n)2.

m=1

[Hint: Use the result of Question 3].

5. Prove that for all natural numbers, n:

(1x2)+(2x3>+...+n(n+1):§m<m+l>=%n<n+1)(n+2>.

6. Prove that for all natural numbers, n:

(1><2><3)—1—(2><3><4)+---+n(n+1)(n+2>:in(n+1>(n+2)<n+3>

7. Show that for all natural numbers, n:

znjw =" _1,
m=0

8. *Prove that for all natural numbers, n:

1

S (2m—1) =n?(2n* -1).

m=1



10.

11.

12.

13.

14.

15.

16.
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Prove that for all natural numbers, n:

" n(n+1>(2n+1)(3n2+3n—1)
m- =

m=1 30

Prove that for all natural numbers, n:

n’ (n + 1)2 (2n2 +2n — 1)

n -
,,;m B 12

Prove that for all natural numbers n, 9 divides 10" — 1.

Prove that for all natural numbers n:

3| (n —n).

*Show that for every natural number n:
3 |n(n+1)(n+2).

[This means that 3 divides three consecutive integers.]

Prove that for all natural numbers n:

n? —n is an even number.

(i) Prove that for all natural numbers n:
n a (1 - 7’”)
Earm*l =a+ar+ar’+..+a"" = [r=1]
m=1 -r

where a and r are real numbers.
[This is a geometric series with first term equal to a and common ratio r.]
(i) ~ Show that for every natural number, n:

1 o r71,+1

1—r

[This is the geometric series with the first term equal to 1.]

l+r+r+. "= r"=

m=0

=1

**Prove that for all natural numbers n we have the following trigonometric

identity:
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T 2n +1
COS|— | — COSs xr
2 2
9sin ["”]

2

where z is a real number such that sin [g] = 0. [You will need to know your

sin(z) + sin(2z) + ... + sin(nz) =

trigonometric identities to do this question or at least look them up and apply

them. |

17. ***Prove the binomial theorem for the natural number n:
If @ and b are real numbers, then the binomial theorem says that for all

natural numbers n:

(a + b)n =a" +na""'b —I—Ma’”b2 + n(n —1)(n _2) a" b D"
2! 3!
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SECTION 1.5 =) Joy of Sets

By the end of this section you will be able to
understand what is meant by a set
plot Venn diagrams of set operations

apply the well ordering principle

1.5.1 Introduction to Set Theory
What does the term set mean?
A set is a collection of objects and these objects are called elements or members of
the set. The following are examples of sets:
1. The numbers 1, 2, 3 and 4.
2. All the positive odd numbers.
3. European capital cities.
4. The roots of the equation z° — 8z 4+ 7 =0.
A set can be described in various ways:

i. By listing all the elements of the set. For example, in 1 above the set can be

written as A = {1, 2, 3, 4}. The curly brackets, { }, capture the set and

each element in the set is separated by a comma.

ii. By listing the first few elements to give an indication of the pattern of the set.

For example, B = {1, 3, 5 T, } Note that the 3 dots (ellipses), ---,

represents the missing members when there is a pattern.
iii. By describing a property of the set such as C' = {European capital cities}.
iv. By stating a mathematical equation like
D:{x:x2—8:1:+7:0}

What does the set D mean? such that

The set D consists of the numbers z such that x satisfies the quadratic equation

2> —8x + 7 =0. The colon, :, in the set is read as ‘such that’. Hence the set D is the
set of numbers z such that 2* — 8z +7 =0.

Sets are normally denoted by capital letters such as A, B, C'... X, Y ... The elements

or objects of the set are denoted by lower case letters a, b, ¢ ... z, y ...

Example 34
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Determine the elements of the set D given above.

Solution

We need to solve the quadratic equation given in the set D = {a: ' =8+ 7= O}.

The roots of the quadratic equation can be found by factorizing:
-8z +7=0
(1: — 7)(:1c — 1) =0 Factorizing]
r—7=0or z—1=0
r=T7o0r z=1

We can write the set D as D = {1, 7} but it can also be written as D = {7, 1}. The

order of the elements in a set does not matter.

We denote the number 7 is a member of the set D by
7eD.
The symbol € means ‘is a member of’. 2 is not a member of this set therefore we
denote this by 2 ¢ D and read it as ‘2 is not a member of the set D’.
In general
x € A means z is a member of the set A.
What does © ¢ A mean?
z ¢ A means z is not a member of the set A.
Let A be the set of all even numbers. Write the set A in set notation.
Solution

We can write even numbers as the symbol z such that z is an even number, thus we

have A = {ZL‘ 1 1S an even number} .

What s the size of the set A?
By size we mean the number of members of the set. A has infinitely many members,
so we say the cardinality of A is infinite.

The number of members in a set is called the cardinality of the set.

Definition (I.18). Given a set A the cardinality of A, denoted Card {A} or ‘A‘ , is
defined as the number of elements of the set A.

Can you think of an example of a finite set?

The above set D = {1, 7} therefore Card {D} =2.

If A:{a, b, ¢, d, f, s, z} then what 1s C’ard{A} equal to?
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Card {A} = ‘A‘ =7 [Because the set A has 7 members|.
1.5.2 Types of Sets

There may be no elements in a set. What do you think we call a set which has no

members?

The empty set or the null set. The empty set is normally denoted by @& (The Greek

letter phi, pronounced fee). Can you think of any examples of the empty set?
{Humans who can walk on Water}

What does the universal set mean?

Universal set is the set of all the elements under consideration. For example, if we are

discussing prime numbers then the universal set will be the set of all prime numbers.

The universal set is denoted by U .

There are various types of numbers that we have used throughout our lives, but they

have not been placed in set form or been given a special symbol. Can you remember

what types of numbers you have used?

Natural numbers, integers, rational numbers and real numbers. We can give all these

their own symbol:

N =the set of all natural numbers 1, 2, 3, 4, ... These are sometimes called the

counting numbers or positive integers. What is an integer?

7Z =the set of all integers ...—3, —2, —1, 0, 1, 2, 3,... This is the set of all whole

numbers.

Q =the set of all rational numbers. These are numbers which can be written as ratios

or fractions such as %, — §, m, 6, — % Note that all the integers are also in this

2 2

. ) 12
set because numbers like 6 can be written as ?

Numbers such as , \/5, e cannot be written as fractions so these are not rational

numbers. These are examples of irrational numbers.

R =the set of all real numbers. This is the set of all rational and irrational numbers.

For example, %, \/5, ;l—;, 5, — 666, 2.333 ... are all members of R. The reals

come in two different flavours; rationals and irrationals.

C =the set of all complex numbers. This set contains all the real numbers as well as
numbers such as v—1 which is not a real number. Complex numbers are normally

written as a + bi where i denotes an imaginary number and is equal to v—1.
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Example 36

Determine the members of the set A = {fc eN: (x — 3)(2x + 1) = O}.

Solution

The already factorized quadratic produces the solutions:

(x—3>(2x+1):0 = =3 or x:—%.

Does the set A contain both these elements 8 and —% ?

No, because the set A has the qualification = € N. What does this notation x € N
mean?

x is a member of the set of natural numbers which means z is a positive whole
) 1. )
number. The rational number —5 is mot a natural number therefore it cannot be a

member of the set A. Thus, the set A only has the element 3, that is A = {3}

Example 37

Write the following statements in set notation:

(a)  The set of positive real numbers excluding 0.

(b)  The set of negative integers.

(¢)  The set of rational numbers between 0 and 1 (inclusive).

Solution

(a)  The set of positive real numbers can be written as a symbol x which represents

a real number such that it is greater than 0:
{a: ceR:z> O}.
(b) What is the symbol for the set of integers?

7 represents the set of all integers. The set of negative integers can be written as z

which is an integer such that it is less than 0:
{x cel:zx< O}.

(c) What is the symbol for the set of rationals?
Q represents the set of rationals (Q for quotient). The set of rationals between 0 and

1 can be written as:

{xE@:OSxSl}.

1.5.3 Venn Diagrams
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Venn diagrams are a graphically way of representing sets. Venn diagrams were
introduced by John Venn.

John Venn was born in Hull, England in 1834. His father and
grandfather were priests and John was also groomed for a similar post.
In 1853 he went to Gonville and Caius College Cambridge and
graduated in 1857 becoming fellow of the college. For the next 5 years

) he went into priesthood and returned to Cambridge in 1862 to teach
Figure 8 Venn

1834 o0 1993 logic and probability theory.

John Venn is popular known as the person who developed a graphically way to look at sets
and this graph become known as a Venn diagram. The sets were represented by oval or
circular shape figures but they can be any shape.

It was the Swiss mathematician Euler 1707-83 (pronounced ‘oiler’) who first discovered Venn

diagrams.

Consider the set A = {fc €Z:—-3<z< 2}. What are the elements of the set A?

A is the set of integers which lie between —3 to 2. Thus, the elements are

-3, -2,-1 0,1 and 2. The Venn diagram of this looks like:

Llr

Figure 9

The U in the bottom right hand corner of the rectangle is the universal set which
means it includes every element under consideration, which in this case is U = Z .
The members of the set A lie within the boundary of the oval shape as shown in Fig.
9.

We can use Venn diagrams to display set operations.

1.5.4 Union and Intersection of Sets

From the age of 7 we have added and multiplied numbers. In a similar fashion we
can carry out similar operations on sets. These operations are called union and
intersection.

What is the union of two sets?

The word union in everyday language means combining of two or more things. Union

of two sets is the combination of all elements in both sets.
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Definition (I.19). The union of two sets A and B is the set of all the elements
belonging to set A or set B. The union of two sets A and B is denoted AU B and is

AUB:{x:xeA or :I:EB}

In terms of a Venn diagram we can draw AU B as:

U

Figure 10 AU B (A union B) is shaded

We can also express this AU B in terms of mathematical logic discussed in earlier

sections. Union U is similar to the ‘or’ symbol which is Vv, that is we have
T€AUB « (z€A)V(zeB)

The other operation on sets is intersection. What does intersection mean in

everyday language?

Intersection means crossroads. Intersection of two sets A and B is the set of all

elements which belong to both sets A and B.

Definition (I.20). The intersection of two sets A and B, denoted AN B, is the set of

all the elements belonging to set A and set B:

AOB:{x::L’GA and IEB}.

The Venn diagram of AN B is:

U
Figure 11 AN B (A intersection B) is shaded

Similarly, intersection N is similar to the ‘and’ symbol which is A, we have

reANB & (a:GA)/\(a:eB).

Example 38
Let A= {2, 3, 4, 5, 6} and B = {1, 3, 7}. Determine the sets AU B (A union B)
and AN B (A intersection B). Also draw the Venn diagrams of these sets.

Solution

What does AU B mean?
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A union B is the set of all elements which are in the set A or B. Thus we have
AUB:{L 2,3, 4, 5 6, 7}.
Which members does the set AN B have?
All the members which are common to both the sets A and B.
Only the number 3 belongs to both sets A and B. Therefore
AnB={3}
The Venn diagrams of AU B and AN B are

A B A B
U U

Figure 11 AU B is shaded (A or B) AN B is shaded (A and B)

1.5.5 Other Set Operations

What does the word complement mean in everyday language?

Complement is something which completes or fills up. In set theory the complement

of a set A is the elements which are in the universal set but not in set A.

Definition (I.21). The complement of a set A is denoted by A° and is defined to be
Acz{x:xGU, ngA}

What does the Venn diagram of A° look like?

u
Figure 12 A° (complement of A) is shaded

Note that A° UA = U where U is the universal set. A° U A fills up U.
We have x € A <& ¢ A. Sometimes A° is denoted by —A4 or ~ A.

Example 39

Let F = {2, 4, 6, 8, } and universal set U = N. Determine E°.

Solution

What does U = N mean?
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The universal set U is the set of all the natural numbers 1, 2, 3, 4, ... . Note that Fis

the set of positive even numbers. What does E“ mean?

E° is the set of positive odd natural numbers, that is £ = {1, 3, 5 T, }

1.5.6 Introduction to Subsets

What do you think the term subset means?

The prefix ‘sub’ normally means contained within a system or structure. Thus, subset
is a set contained within another set. The Venn diagram of the set A being a subset

of the set B is given by:

U

Figure 13 A is a subset of B

What is the definition of a subset?

All the elements of one set are contained within another set. In general, let A and B
be two given sets. If every element in set A is also in set B then we say A is a subset
of B. We also say A is contained in B.

How do we denote a subset in mathematical notation?

We denote A is a subset of Bby AC B.

An example of a subset is {students} C {human race}. Is B a subset of any set in
Figure 187

The universal set U, that is B C U . Note that set A is also a subset of universal set
U. Is there a set which is the subset of A?

Yes the empty set @ is a subset of A, that is @ C A. The empty set @ is a subset of
every set. Also note that A is a subset of itself, that is A C A.

Can you think of any other examples of subsets?

There are an infinitely many examples which you could easily make up such as the
following:

1. Let A= {Marilyn Munroe, Kim Novak, Michelle Pfeiffer} and B = {Women},
then A is a subset of B which we denote by A C B.

2. Let A= {Prime Ministers of Britian} and B = {Thatcher, Major, Blair} then
BCA.
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3. Let A= {a, e, i, o, u} and B = {Letters of the alphabet}. Again, we have
ACB.

There are many more interesting examples you can create.

The formal definition of subset is:

Definition (I1.22). The set A is a subset of B if every member of set A is also in set B.

1.5.7 Well Ordering Principle

Now we revisit mathematical induction.

Principle of Strong Mathematical Induction (I1.23)

For each natural number n, let P(n) be a proposition about n. If P(n) satisfies:
1) P(n0> is true for base case n =n  and
2) Forall n <k, P(n) is true implies P(k‘ + 1) is true.

Then for all natural numbers, n , we have P(n) is true.

The difference between strong and ordinary induction can be explained by the ladder
analogy:

Ordinary Induction: You are using your present step to prove the next step.

Strong Induction: You have stepped on all the previous steps to get to the current
step.

One important property of sets of natural numbers that is often used in proving

results is the Well Ordering Principle - WOP:
(I.24) Every non-empty subset of positive integers has a least element.

Proof.

We use proof by strong induction.

Let S be a subset of positive integers without a least element.

If 1€ S then 1 would be the least element in S which is impossible, so 1 & S .
We assume by strong induction that 2¢ S, 3& S, -, k& S.

Required to prove that £k +1¢ S.
Suppose k+1€ S . However this k+1€ S cannot be the case because then k41
would be the least element of S because 2¢ S, 3£ S, -, k¢ S and S has no least

element.

Therefore, by strong mathematical induction we conclude that S is the empty set,

which implies that every non-empty subset of positive integers has a least element.
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The Well Ordering Principle (WOP) is equivalent to Mathematical Induction — you

are asked to show this in question 13 of Exercises 1.5.
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Exercises 1.5

Brief solutions end of Exercises.

Complete solutions at www.oup.co.uk/companion/NumberTheory

1. Determine the members of the following sets:
(a)A:{xE]R:ZT—Fl:O} (b)B:{IGN:<x—1)(:p—2):O}
() C={reN:z’~204+1=0} (4) D={2reZ:2’—42-5=0}

(e) E = {CE €Z:1°-9= O} (f) F= {x : 7 is a prime number less than 10}

2. Determine the elements of the following sets:

() A={zeN:(z-1)(z+3)=0} (b) B={reN:22+1=0}
(c) C:{IGZ:(z+5)(3x—1>:0} (d) D:{xe(@:(x+5)<3x—1):()}
(e)E:{zEQ:x—W:O} (f)F:{xER:x—W:O}

3. Write the following statements in set notation:
a) The set of negative real numbers.

b) The set of positive integers.

(
(
(c) The set of real numbers between 0 and 2 excluding 0 and 2.
(d) The set of rational numbers less than 1.

(

e) The set of natural numbers which are multiples of 10.

4. On a Venn diagram shade in the following regions.
(a) A° (b) B° (c) (ANB) (d) (AuB) (e) AN B
What do you notice about your results to parts (d) and (e).

5. By shading in the appropriate area on a Venn diagram show that (A“)C =A.

6. Determine in each of the following cases whether AC B or BC A:
() A={z€R:0<2 <10} and B={zcR:~10<z <10}.

(b) A={2€Z:0<2 <10} and B={z € R:0<z<10}.

() A={zeR:0<z<10} and B={zeZ:0<z<10}.
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(@) A={zeN:~10<2 <10} and B={zeZ:1<z <10},

() A={z€Q:0<z<10} and B={r€Q:0<z <10},

7. Let
2, A:{2, 3, 5}, B:{xEZ:x2—4:0}
C’z{mEN:xisprimeandlessthan10}, Dz{xEZ:OnglO}

Decide whether the following pairs of sets are subsets or not:

(a) @, A b) A4, A () A C () C, D (e) B C

8. Consider the following sets:
A:{xEZ:0<x<5}, B:{xGN:xisanevennumber}
C:{xEN:x is a multiple 0f2}
D:{xGR:xiz}, E:{xEN:xB}
F={zez:0<s<2

Determine whether the symbol O in the following is C or ¢:
(a) ADB (by AODC (¢) BOC (dCcUOB (e) AUD
(f)y DOA (g) EOF (h) FOF

9. Determine the cardinality, |Al , of the following sets:
(a) A=o (b)A:{a, b, c} (C)A:{xEZ:3x2—m:0}

(d) A:{xER:x:x+1}

10. Let A = {1, 2, 3, 4, 5} and B = {:1: € N: z is a prime number < 5}. Show that
AZ B but BCA.

11. Let A:{l, 3}, B:{I, 3, 3, 1} and C =11, 3, §, 1. Determine a set
1 =«

relationship between the given sets A, B and C.

12. Use the Well Ordering Principle to prove that for all positive integers n:

n m:n(n+1)
2

m=1
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[We proved this result by induction in the last section, Example 29.]

13. *Prove the Induction Principle (I1.15) by using the well ordering principle.

This results proves that the Induction Principle and WOP are equivalent because we

have already derived the WOP from the Induction Principle.

Brief Solutions to Exercise 1.5

(e) B={-3 3}
2. (a) A={1}
(e) E=0

3. (a) {xER:x<O}

(d) {ZL‘GQ:QS<1}

) B={1, 2} (9 c={1} @ D={-1 5
(f) F:{z, 3, 5, 7}

(b) B=o (©) ¢ ={-5} (@ D:%, —5}
(f) F ={r}

(b) {xEZ:x>O}orN (c) {xER:0<x<2}

(e) {lOn in e N}

6. (a) ACB (b)ACB (¢) BCA (d) AC Band B C A which means we
have A= B (e) BC A

7. () @CA (b)) ACA (c) ACC (d)CCD (e) BLC

8. (a) AZLB (b)) ACLC (¢) BCC (d)CCB (e) ALD

() DCA (@ ECF (h) FCE

9. (a) [o|=0 () [4=3 () ]4=1 (d)[4=0

11. A=B=C
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SECTION 1.6 =) Inequalities, modulus function and polynomials

By the end of this section you will be able to
derive properties of inequalities
understand the modulus function

examine polynomials

This is a challenging section because we treat inequalities in an abstract manner and
many students have difficulty in relating to the results obtained in this section.
Additionally, students apply the rules of inequalities as they would for equality, =,
because they are comfortable in using them. You need to be a lot more careful with

inequalities and cannot blindly apply the same rules as you did for equality.

1.6.1 Examples of Inequalities

What does the term ‘inequality’ mean in the general sense?

We often read in the papers ‘inequality of wealth’ or ‘inequality of women’s pay’ which
implies that the distribution has not been equally dispersed.

Generally, inequality is opposite to equality which implies that inequality means not
equal to. For example we can say ‘a is greater than 3’ and this is denoted by ‘a > 3’

meaning that the real number a is to the right of 3 on the real number line:

a>3
. T T B B B e e e
Figure 14 10 1 2 3 45 6 7 8 9 10

The real number a is less than 3 is denoted by a < 3 and means that a is to the left of

3 on the real number line:

Figure 15

1.6.2 Inequality Properties of Real Numbers

Let a and b be real numbers then only one of the following is true:
(i) a>Db (a is greater than b).
(il) a=0b (a is equal to b).
(iii)) a<b (a is less than b).
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