COMPLETE SOLUTIONS TO DIFFERENTIATION

Complete Solutions to Supplementary Exercises on Differentiation

3
1. (a) We need to find % given that y = (1 + 5/; ) . Rewriting y we have
T

3
Y= (1 + \/_ 1+ x3
Differentiating this gives

d 1

ay =1 3 3

+z°| -2
dzx ;4
12 1 /
1422 428 1 227 3 1 2 1

=—4+—+ =1+ ——+—
2 22 3 2
x3 .7,'3 x3 /f{ \/; (%/;)

(b) We are asked to differentiate y = a tan [% + b]:

%zaseCQ 4o 1 =Zsec?|Z 40| =
dz k k| k k

(c) We need to differentiate y = log,, (x — cos (3:)) First converting the log of

21+ tan?|Z b
k k

base 10 to natural logarithm:

In{x — cos(x
y =log,, (x — COoS (x)) = ( - (10)( ))
Differentiating this by taking out Wll()) we have
dy 1 1+ sin (:v)
dz In (10) T — COoS (x)

(d) For y = sin (:c).ecos(m) we use the product rule with

u = sin (m) v = ecos(x)
u' = cos ($> v =—e"sin (x)
Therefore
% — o+ ' = cos(2)e™) + sin (2|~ sin 2)
_ o) [cos(z) —sin® (z))
= e o) 1] [ s (o) =1 -]
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(e) We are asked to differentiate y = e In (a:) . Again using the product rule

with:

2 1
u = —2zxe” ==
T

Applying the product rule we have

% = —2z¢ " In (ZL‘) +e” 1
T z
— e l —2x1n (:1:) = ¢’ [1 —22%In (x)]
T T

(f) We need to differentiate y = z tan™' (\/; ) Applying the product rule with:

v = tan"' (\/;)

The derivative of w is straightforward but the derivative of v is as follows:

(A

1

tan(v) = \/; = z?

sect(o) oo L L
dz oz dz  2vz sec? (v) 2\/;{1+tan2 (v)]

Recall tan(v) = \/; so v = tan' (\/;) Substituting this v = tan™' (\/;) into

the above gives
1

/_ﬂ: ! - \J
T, ottt (o)) 21 4 tan? (tan_l( x))
J v |

[Because tan (tan‘1 (0)) =

1
2\/; [1 + x]
Now using the product rule we have

% =u'v+ uv = tan™ (\/;)%—x;
2\/;[1+x]

dz
= tan' (\/;) + i

2 [1 + x]
(g) We use the chain rule to find the derivative of y = /14 z/z + 3 . Firstly

rewriting this we have

y=R1+aJz +3 =

o | =
w | =

1+x(a¢+3)
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Then

_Z /
%:l 1—|—x<x—|—3); 3 1—|—:1:(:1:—|—3);

1

_Z /
1) 3 1 Taking the z under the
:%1-1—17(17—1—3)2 1+(x3+3:v2)2] &

square root in the last bracket

1 % 173 27% 2
=§1+x(x+3) 0—|—5<3: +33:) [33: —|—6x}

3z* + 6z
2
3

(:v3 + 3x2)

1

6 1+x(x+3)5

(h) We need to find derivative of y = sin™' (x) + /1 —2* . Differentiating each
one separately. Let

u=sin"’ (x) = sin(u) =z

du du 1
cos (u)E =1 a = o (u)
Recall that cos(u) = ,/1 — sin’ (u) . Substituting this into the above yields

du _ 1 _ 1
dz cos (U) 1 — sin® (u)

= L [Because u =sin"" (x)}

\/1 — sin’ (sinf1 (3:))
= - i = [Because sin (sin_1 (6’)) = 0}

—

Now let v =+1—2* = (1 — )5 and differentiating this gives
do =22 =
ds 2(1—3;2); V-

Adding both of these derivatives du = 1 and dv = _

T
dz \1-4? dz V1— 2

together
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dy_du do_ 1
dz dz dz \/1_352 \/1_352
_ 11—z
\V1—2?
11—z _\/1—x:\/1—x

:\/1—3:\/1—1—:5_\/14—:1: 14z

(i) We need to apply logarithmic differentiation to y = 9l Applying logs to

both sides gives

Differentiating this yields

1dy (o 1n<$>_£ B ln(2) | .
var O e

Therefore we have

. fff(i)) o) =2 Ez((i)) e

(j) Again we apply logarithmic differentiation to y = [tan (2:1;)}C t[

2] in order to

find the derivative. Taking logs of both sides gives

14@:mww@ﬁ4ﬂ:aﬁﬂm@qmﬂ
1dy _ Cot[ngn[tan@x)]]/ (*)

y dx
We differentiate the right hand side by using the product rule. Let

U = cot [g] and v=1In [tan (23:)] then

2 sec” <2x)
tan (2:1:)

u'z—lcosec2 z and v =
2 2

Using the product rule we have
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[cot [2]ln tan (2:1;)]]/ = u'v+ w'

_ —%COS@CQ [g] Intan (22)] + 2 cot [;’ ]%((Z))
Putting this into (*) gives
L0 e o] - 2o 2] 2 2 (f))
j—i =y 2cot[;]t;—<<223%cosec [ ] n|tan (22|
— Jtan 2"t gt[2]tn_((22>> Soosee [£aftan o)

2n
-1

-1 . Taking cos of both sides:

(k) We are asked to differentiate y = cos

" 41
" —1
cos(y) = e
Differentiating this gives
. dy " —1 / dy 1 [z -1 ,
ﬂm(y)@ B 7+ 1 dz T sin(y) 2" +1 <T>

We differentiate the bracketed term by using the quotient rule with

u=2z"—1 and v =z + 1. Therefore we have

u' = 2nz® " and v = 2nz*!
Hence
/
" —1 uw'v —uv'
x?n + 1 U2
2ng”" ! (a:?" + 1) — (1:2" — 1) 2ng”" !
= 2
(:L_Zn _|_ 1)
B 2 4n—1 +2nx2n 1 _an4n71 +2n$2n71
— : .
(" +1)
B 477/.'172”_1
(:EZH + 1)
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/

2n 1 4 2n—1
Substituting this x2 == — into (T) gives
dy 1 dnz™!

== ; (1)
dz sin (y) (xQn i 1)

2n

1

We are given that y = cos™

T so writing sin (y) in terms of cos (y) by
x

using the fundamental trigonometric identity:

siny) = e )

Therefore
sin(y) — m - = :c:: 11 2 Because y = cos ™' xz: 11
. T
e e
(o +1) [ +1) (" +1)

B " 4 227" +1— <$4n — 22" + 1)
- (xZn + 1)2

4a™" )

( . 1)2 ( o 1)2 " +1

Putting this sin(y) = 22z into (1) gives
"+
dy = 1 dng™" ! . 2nx"!
dz 21" (x2" n 1)2 " +1

—_

2n +
(1) We are asked to differentiate y = tan™' (tanh (3:)) Taking tan of both sides
tan(y) = tanh (:v)

Differentiating this gives

d
sec’ (y)d—‘z = sech’ ($) = iz = e (y)

From the trigonometric identity

(4.65) 1+ tan® (m) = sec’ <a:)
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We have
dy sec h? (a:)
dz  sec? (y)
sech’ (a:) sech’ (:z:)

= (y) = ol (w) [Because tan (y) = tanh (x)}

We have the hyperbolic identity
tanh® (x) + sech’ (x) =1
Rearranging this yields
sech’ (z) = 1— tanh’ (z)
Putting this into the above
dy  sec h? (x) B 1 — tanh’ (:1;)
dz  1+tanh’(y) 1+ tanh’(z)

(m) We are asked to differentiate y = cosh(sinh (x)) Using

[cosh (u)]/ = sinh(u)%

We have

% = ginh (sinh (a:)) cosh (:1;)

3
(n) We need to differentiate y = ‘{/(1 + tanh® (3;)) . Rewriting this

Yy = </<1 + tanh® (x))3 = (1 + tanh® (:v))i
Differentiating this
% = %(1 + tanh? (ac))‘l1 [2 tanh (x)sec h? (x)]
= 3 - 2 tanh (a:) (1 — tanh® (a?))
4 (1 + tanh’ <$)>Z
B 3 tanh(a;) (1 — tanh’ (a:))

2 (1 + tanh’ (ac))‘11

1
2. (a) We are given y = ln[1 ] and need to show 2y’ + 1 = e’. Differentiating

+
Y gives
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/

y'zw<1+x)l
— (14 2)|— | = - —

(1—|—x>2 1+

into the left hand side of the given zy’ +1 = ¢’:

Substituting this y’ = —

1+z
vy +1=2x|— +1:—3:—|—1+x: 1
14z 1+z 14z
Recall that we are given y = In n ] therefore
x
1
I\ — 1 n(u
e =e [1” = Because ") =
142z
Hence from these two results we have xy’ +1=¢".
sin~' (x)

(b) We are given y = ﬁ and need to show (1 — xQ)y' —zy=1.
1— 2

From the solution of question 1(h) we have

a1
i (o) =
Using the quotient rule to differentiate y = w with
g q ) ﬁ
u=sin_1($) v =+1—2"
W — 1 o — "

|
8

V1—2° 1— 2
Substituting these into the quotient rule formula gives

;o uw'v — uwv’

Yy = 7
1 5 . T
N1 —2" —sin™ |z )|—
N () 1— 22

B 11—z

_ N1 —2* + zsin™ (:1:)
1=
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Substituting this 3’ = iy xsignl (x) and y = M into the left
(1_x2)5 V1— g

hand side of (1 — x2)y' —xy =1 gives
(1—x2)y'—xy _ (1_332)\/1—3:2 + zsin™ (x) _:Esin_1 (a:)
(1_1,2)3 1—2z

1—2° +xsin™ (m) sin ' (a:) Using the rules
N (1 :EZ) o7 /1 _ of indices
2
\/7”” 1
Hence we have shown our result.
:1:2 2

3. Differentiating —- + yz =1 gives
2r+ 244y _ dy __ 22 _ 4=
4 dz dz y/2 y

We need to find the slope at the point (1, \/5 ) which implies £ =1 and

Y= \/5 . Therefore

dy_ dz_ 4l 2

oy 2,

2 2
4. We are asked to find the slope of (ac — 1) + (y + 3) =17 at (2, 1).

Differentiating the given function

2(:5—1)-1—2(3/-1-3)%:0

x
dy _1-¢
dz 3+y

o . .dy 1—2 .
Substituting z =2, y =1 into this —= = —— gives
dz 3+y

dy 1-z 1-2 1

dz  3+y 3+1 4
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The slope of the circle is —i at the point (2, 1).

. . dy . 1+t 3 2
5. (a) First we need to find —= given z = , Y =—4—:
(@) dz © T T
de  t'=30(1+t) £[t-3-3 243  [Usingthe
E N 16 - 6 - t quotient rule
dy 3 2 1
a =l
Using parametric differentiation we have
dy 1
a4 —t—3[3 +2t] )
dz dz _2t+3
dt ¢!

t into the left hand side of

Substituting this y’ = % =t and 7 =
T

/3:1+y/:

a:y'3:ﬂ/:1+t

7

Now the right hand side 14 ¢’ is equal to
1+y =1+t
Hence we have zy"* =1+1v/.

(b) We are given z = cosh (Qt), y = sinh (Zt) S0

dt = 2smh(2t> ((iit = 2cosh(2t)

Applying parametric differentiation we have

_dy _ jz _Zcosh(?t) cosh(2t)

Cdr dz ~ Jsinh (Zt) ~ sinh <2t)
dt

cosh 2t
/rm/@/j M = cosh 2t

We have shown our required result.

Therefore
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