Complete Solutions to Exercises 17(b) 1

Complete Solutions to Exercises 17(b)

1 O<t<m
0 —T<t<0’

1. (a) We have f(t) = |

The constant term A is given by

AoziftTf(t)dt

_ i{j:@)dt n Ji(O)dt} [Splitting f(t)}

= |t Integratin
) [Integrating]
— i[w — 0] [Substituting for t]
_ QL [Simplifying]|
_1
0 9
The cosine coefficients are given by
A == [ f(t)eos(it) at
= ifoﬂ(wcos(kt)dt [Replacing f(t)}
= %{ Sin}gkt> J Integrating by f cos(kt)dt = Sin}gkt)
0
= i sin(kt)}z Taking out a factor of H
17, _ Substituting
= = sm(lmr) — sin (O) ] the Timits
= ki{[o — O]} =0 [Because sin(lwr) = 0]
s

We have Ak =0.

We also need to find the sine coefficients:



Complete Solutions to Exercises 17(b)
B = L Oﬂ (1) sin (k;t)dt [Replacing f<t>}
0
— lfoﬂsin(kt)dt
T
1| cos (kt) ’ ) ) cos (kt)
I I Integrating by fsm(kt) dt = — .
0
= —é[ms(kt)]?) Taking out a factor of — %l
1 Substituting
= —E[COS (/mr) — cos (0)} the limits
= —ki[cos (lmr) — 1} [Remember COS(O) = 1}
0

If k is even then cos (lmr) = 1, substituting this into the last line above gives:

Qﬁ:—?%%m{mﬁ—l}:—i;p—1}:o

If k is odd then COS(k?ﬂ') = —1, again substituting this into the last line in the above

derivation gives

1 1 1 2
B = —g[cosom) — 1} = —g[—l — 1] = —g[—Q] = E
Putting all these coefficients together we have

A =1 /2

A =0
0 if k is even

B —

T2 if k is odd

km

Substituting these into
(17.2) f(t) =A + 4 cos(t) + A, cos(?t) +--+ B, sin(t) + B, sin(?t) + -

Gives

f(t) = %—F 0+0+... +gsin(t) +0 +isin(3t) +0 +isin<5t) +...
No cosine terms

T T 5%
- % n %sin (t)+ %s(in ()Bt) + %s)in (5¢) + ... [Simplifying]
1 2. sin(3t] sin(5¢ Taking out a common
:5—}—; sm<t>+ 3 + 5 + . factor of 2/7T

(ii) Substituting ¢ = 7 /2 into this series gives
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Al 1 2| (=« sin(37r/2) Sin<57r/2> sin(77r/2>
fl=| ==+ —|sin|—|+ +

2 m 2 3 5) 7
1 2 1 1 1

l==—+4+21——4=—=4 ..
2 7 3 5 7

1 2 1 1 1

S=Sle oo

2 3 5 7

us 1 1 1

—=l-C4 -4

4 3 5 7

(b) By examining the graph of part (b) we can split f(t) into f(t) =4 for t

between 0 and 7 and f(t) =2 for t between m and 27. We have
1 T
A :gjiﬂf@)dt

::5;{1:(4)dt+-jfﬂtﬂd¢} {Sphtﬁngf(ﬂ]

= %{4[42 + Q[t]iﬂ} [Integrating]
= %{4 [7r — O] +2 [27r — W]} [Substituting for t]
1

= J[W{} [Simplifying]
A =3
For Ak we use the following formula:
1 ™
(17.4) A = ;L/:Wf@)cos(kt) dt

Again we split f(t) into 4 and 2.

3



Complete Solutions to Exercises 17(b) 4

A == [ p(t)eos(kt) ar
= %{fow (4)Cos(kt)dt + j;% (2)Cos(kt>dt} [Replacing f(t)]
= %{4LWCOS(kt)dt + ZLQﬁcos(kt)dt}
1 sin(kt) ’ sin (k:t) y ' sin (k‘t)
= — 4 . +2 % Integrating by fcos(kt)dt = -
0 m
= %{Q[Sin(k’tﬂ: + [sin (k:t)fr} Taking out a factor of %
2 ) ) ) ) Substituting
= E{Q [sm (/wr) — sin (0)} + [sm (27rk> — sin (/m)}} the limits
—~ %{2[0 —0]+[0 -0} |Because sin (k) = 0|
A =0
How do we find B, ?
Similarly by applying the formula
(17.5) B = %fif(t)sin(k:t) dt
Splitting f (t) gives
B, =2 [ (4)sin{e)ar + [ (2)sin (k:t)dt} [Replacing f(1)
= %{Qf; sin (kt)dt + f:ﬂ sin(kt)dt}
= %‘2 — cosk(kt> —%(kt) F ] Integrating by fsin(kt)dt =— COS(kt)

Taking out a factor of — %]

= 2 fefoos i)+ foos(ir) "}
{

T
= —% 2 [COS (kﬂ') — Cos (0>] + [COS (27rk) — cos (knr)]} f;;itiitsmg
= —ki{? oS (kﬂ') —-2+1- COS(]{JTI')} [Remember cos(()) = COoS (27rk) = 1}
™
= *ki{cos(kw) — 1}
T

If k£ is even then cos (lmr) =1, substituting this into the last line above gives:

Bk = i[cos(lm) — 1} =0 for even &
km|l—) 7
=1
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If k£ is odd then cos (lmr) = —1, again substituting this into the last line in the

above derivation gives

B, = _2 cos(km) -1 = 4

km | — 2 km
=1
Putting all these coefficients together we have

4=3

A =0
0 if k is even

B =

' 4 if k£ is odd

km

Substituting these into
(17.2) f(t) =A + 4 cos(t) + A, COS(Qt) +---+ B, sin(t) + B, sin(2t> + -
Gives

Ft)=3+0+0+.. —l—%sin(t) +0 —i—%sin(iﬁ)—f— O—I—%Sin(&f)—k
sin(t) N sm(St) N sm<5t) e
3 5

—34+2
s

The Maple output is as follows:
> /: t—>3+i(sin(t) + Sin(3t) + ( sin(5t) ] + sin(7t) )
T 3 5 7

4 (sin(t) + % sin(31¢) + % sin(5¢) + % sin(7t))

T

f=t—3+

> plot(f,-2m.27,0.5)

The graph of the Fourier \ ,II &
. . Vaatay, Favavay
series of the first 5 non-zero

terms of f (t) .

(ii) Substituting ¢ = 7w /2 into the above Fourier series:
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4 sm[z]+ sin(37r/2) N sin(57r/2> N sin(?w/Q) e

T 3 5 7
g=3p i1y

s 3 5 7

1 1 1
T 1 11
4 3 5 7

2.We can split f(t) into f(t) =2 for t between 0 and 7 and f(t) =—-2 fort

between —7 and 0. We have

A[):if:f(t)dt

_ %{f;(Q)dtJrf_[;(—Q)dt} [Splitting f(t)]

=2 +[- '} [Integrating|
_ %{[W ~0]- [0 - (—w)]} [Substituting for ¢|
— %{7? —Ow} |Simplifying]

A =0

How do we find the value of A, ¢

Similar process to finding A but this time we use
(17.4) A == 7 1(t)eos(kt) dr
P
Again we split f(t) into 2 and —2.
A == [ #(e)oos(tt) at

:l{ j; (2)cos(kt)at + [ i(—2)008(kt)dt} [Replacing f(¢)]

I
o = |
—_——t———

r 0 |
2 s1nkkt) B Slnkkt) ] Integrating by fcos (kt) g sm(kt)
0 -
= %{[sin(lmﬁ)]z — [sm(kt)}oﬂ} Taking out a factor of %
2 , . . Substituting
2 o)) [
= i{[o — 0] — [0 — 0]} [Because sin(knr) =0 and sin(k (—w)) = 0}

S

Il

O ==
3

6
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How do we find B,_?

Similarly by applying the formula

(17.5) B, :lf"f (t)sin (kt) dt

Splitting f(t) into 2 and —2 gives
1
™

{j; sm kt dt +f (k:t)dt} [Replacing f(t)]
2
:;{L sin ) sm(k:t)d }
= %‘ COS cos (kt> l Integrating by fsin(kt) dt = — COS}Skt)

kl{ cos kt [cos(kt)}o } Taking out a factor of — %‘
T -
2 Substituting
E{ cos cos {cos (O) — cos (k: (—ﬂ'))]} t}llle ?irlnillsm
%{cos —-1-1+ cos( kﬂ')} [Remember COS(O) = 1]
%{c — 2+ cos kw)} [Because cos (—kw) = cos(lwr)}
B, = —%{2 oS (k}ﬂ') — 2} [Collecting cos(km') terms}

If k is even then cos (lmr) = 1, substituting this into the last line above gives:

B :—1{2—2}:0

F km

If Kk is odd then cos (lmr) = —1, again substituting this into the last line in the

above derivation gives

B, = —i{—2 —2}= _l{_4} _ 8

g km km km
Putting all these coefficients together we have
A =0
A =0
0 if £ is even
B8 ks odd

km
What do we do next?

Substitute these into
(17.2) f(t) =A + A cos(t) + A, cos(Qt) +-+ B sin(t) + B, sin(?t) + -

7
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The only non-zero values are the odd sine terms:

f(t) = 0—1—O—I—0+...+§sin(t)+0+isin(3t)+O+isin(5t)+...

s 37 o
— Zsin(t)+ Lsin(36) + sin(5t) ¢ [Simplifying]
8. sin (315) sin (515) Taking out a common
T o (t) * 3 * 5 e factor of 8/7T

Here is the Maple output for the graph and first four non-zero terms of the Fourier
series of f (t):

_ 8. sin(3¢) sin(5¢) sin(7¢)
>f._n[sm(z)+ 3 +( s ]+ 5 j

8 (sin(t) + % sin(31¢) + % sin(5¢) + % sin(7t))

T

f=

> plot(f,t=-2m.27)

r‘r’“\fv\j“w\ : ;’ﬁ\/’ ‘\f\/\\
! \ A \

\ s \ e/
This f(t) = % sin(t) + sin:g?)t) + sin5<5t) + ...| is the Fourier series for f(t) the

given square waveform. Note how much easier it is in applying the linearity
property of Fourier series which was covered in the main text. (We could have

avoided all this integration.)

1 —m<t<0
3. We are asked to sketch f(t>: 9 0<t<
m
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b
AL
i
.
E

— :_'-!_ —_—
|
15
;
|
S —— |

!
1
0.5

I : 4n
(ii) We need to find the Fourier series of this function.

f(t) =2 for ¢t between 0 and 7 and f(t) =1 for t between m and 2m.
The average value of this function over a period of 27 is 3/2s0 4 =3 /2.

For A we use the following formula:

(17.4) A= ifif(t)cos(kt) dt
A = %fif(t)cos(kt) dt
— %{f;@) cos <kt)dt + f:ﬂ (1) cos(k:t)dt} [Replacing f(t)}
_ %{zj:cos(kt)dt + f:ﬂcos(kt)dt}
. 7 ) 27 .
= %{2 Sm}gkt) + s1nl£kt> ] Integrating by fcos(kt)dt = sm(kt) o
0 m
= é{Q[sin(kt)Z + |sin <kt)]iﬂ} Taking out a factor of %
1 ) ) . . Substituting
= E{Q[sm(lm) — sin (0)} + [sm (27rk) — sin (lmr)” the Limits
1
= E{z[o —0|+[0- 0]}
A =0

the sine coefficients we use
(17.5) B = lfﬂ £(t)sin (kt) dt
ad-n

We have
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B = —{ [ ()snfi)ac + [ (sinfi)arf  [Replacing 1(r)

_ %{Qfo sin (kt)di + fz sin(kt)dt}
1 ) cos (kt) ’ cos(kt) " . _ () df — cos(k‘t)
=12 U_|- _TF ntegrating yfsm( t) t=—

= —i{Q[COS (kt)}: + [cos(kt)f} Taking out a factor of — %]

1 Substituting
= —E{2[cos (kﬂ') — cos(O)} + [COS (27rk> — cos (knr)]} tl?e lirlnillsm
= —${2 cos (kﬂ') —24+1- COS(]{JTI')} {Remember COS(O) = cos (27Tk) = 1]

If k is even then cos (lmr) = 1, substituting this into the last line above gives:

Bk = i[cos(lmr) — 1} =0 for even &
km|le— 2

=1

If k is odd then cos (lmr) = —1, again substituting this into the last line in the above

derivation gives

B, = —%‘cos(lmr) — 1] = %

s
=1

Putting all these coefficients together we have

An =3
A]s: = O
0 if k£ is even
B —
T2 if k is odd
km

Substituting these into
(17.2) f(t) =A + A4 cos(t) + A4, COS(Qt) +-+ B sin(t) + B, sin(2t> + -
We have
f(t)= §+0+0+...—|—zsin(t)+0+isin(3t>+0+lsin<5t) +...
2 s 3 o
sin(3t)  sin|(5¢)

sin () + PR

3 2
=4+ =
2 0w

Here is the Maple output:



Complete Solutions to Exercises 17(b) 11

g f= PN A i(sin(t) +
A

(01 )

sin(3 ¢) sin(5¢) sin(7¢)
3 + 5 + 7

9

™
i
1

(2 (sin(t) + % sin(31) + % sin(51) + % sin(7¢)

+

w2
-
=
—
O
~
~—
~—
N—

> plot(f,-2m.2m)

#rhﬂfmﬂxﬁ\\ 2] {\fﬁm;ﬁ
i |f \
Ifl |'| 164 k
lﬁ 12 'ﬂ i‘ |Fr
I'|III 1:} ||I J
| bl i v ¥ e gl V0
-2 _i - R ] W 3 3_!. Iun
20 o<t<m
4. (i) We first need to sketch F(t) =
—20 T<t<2m
21l —
1
bis T = b '-.'r dx

Sl

30

We have F(t) = 20 for ¢ between 0 and 7 and f(t) = —20 for ¢t between 0 and —7r.

Clearly the average value of the given function over a period of 27 is 0. Here is the

derivation of this using integration:

e IEIULL
_ %{ fo "(20)dt + f ° (—QO)dt} [Spntting f(t)]

= %{[t]z + [_t]ow} [Integrating and taking out 20
= %{[n — O] — [O — (—’/T)H [Substituting for t]
= %{w - 71'} [Simplifying]

a=0
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How do we find the value of A, ?

Similar process to finding An but this time we use

(17.4)

. . 0 .
= %‘ smk(;kt Sm}gkt) ] Integrating by fcos (kt)dt = i <kt)
0 —m
ﬁ{[sm sm kt } Taking out a factor of —
km -
20 _ Substituting
E{ sin sm (0> B (k <_7r>)]} the limits
20
=—{o- 0] }
A =0
How do we find B, ?
Similarly by applying the formula
(17.5) B = i [ #(t)sin(kt) at
Splitting f(t) into 20 and —20 gives
B =1 { [ (20)sin (kt)dt + f ~20) sin (k) dt} |Replacing f(¢)]
:%{foﬂmn(kt)dt—f_ﬂsm(kt)dt}
I 0
_ 1_0{ ~ cosk(k;t) B COSk(kt) } Integrating by fsin(kt)dt —
0 -7
= _ﬁ{[cos (kt)]; [COS (kt)]o } Taking out a factor of — %‘
- _
20 Substituting
= ——W{[COS (kw) cos(O)] — {cos(O) cos (k( W))]} the limits
= —%{cos(lm) —1-1+ cos(—knr)} [Remember cos(O) = 1}
20
= ——W{cos (/CT() — 2+ cos (lm)}
B, = —%{2 cos(lm) - 2} = f%{cos(lmr) — 1} [Collecting cos(lmr) terms]

A = lf:f(t)cos(kt) dt

A, :%f;f(t)cos kt) dt

:%{ﬁﬂ(Zo)cos(lﬁt)dt—i—fi(—?O)cos(kt)dt} [Replacing f(t)]

_ @{j:cos(kt)dt - ficos(k’t)dt}

If k is even then cos (lmr) = 1, substituting this into the last line above gives:

cos (kt)

12
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B :—fgﬁ—1} 0

k ]ﬂﬂ'

If £ is odd then cos (lmr) = —1, again substituting this into the last line in the above

derivation gives

40 40 80
B =-—{-1-1}= _E{_Q} =

Putting all these coefficients together we have

A =0

A =0
0 if k£ is even
B —
¢80 if k is odd
km

Substituting these into
(17.2) f(t) =A + 4 cos(t) + A4, Cos(2t) +--+ B, sin(t) + B, sin(2t> + e

The only non-zero values are the odd sine terms:

f(t)= O+0—I—0+...+@sin<t>+0+@sin(3t)+0+@sin<5t)+

s 3 T
80 sin(3t) sin <5t> Taking out a common
—|sin (t) + + + ...
T factor of 80/ s
This is the Fourier series for F t) which was given by
20 O<t<m
—20 m<t<2m

This means that we can write t) as an infinite sum of odd sine terms.

Here is the Maple output:

sin(31) sin(51) sin(71)
3 + 5 + 7 )

> fi= tﬁ&(sin(t) +
T

5
i

80 (sin(t) + % sin(31) + - sin(51) + %smm))

f=t—

> plot(f,-2m.2m)

13
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Wl sl

SR ¥ i - I1‘r T 1 e 7
A T T =
_l:| H
F
\ﬂﬁf ?J AN
1 %
5. We need to find the Fourier series of
I . —_—
| y

I T bs I in 4

By examining this graph we have that the average value of the given function over
a period of 27 is 0. Therefore A = 0. If you used the integration formula for A

then you would have to carry out the following calculation:
1 pr
4= | r(t)ar
_ %{fOW(A)dt T f_i(—A)dt} [Splitting f(t)]

= QA{MZ + [—t]o } [Integrating and taking out A
T —r
A e
= ;{[w — 0] — [O — (—W)]} [Substltutlng for t]
= %{7}' — 7r} [Simplifying]
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Similarly we have
A == [ 5(t)oos(t) at
= l{j: (A)COS (kt)dt + f_iAcos (kt)dt} [Replacing f(t)}

™

_ %{j:cos (kt)dt — ficos(kt)dt}
' ﬂ ) 0 .
= A Sm(kt) — Sm(kt) Integrating by fcos(kt)dt = - (kt)
T k 0 k -7
= ki{ sin (kt)]z — [sin (kt)r } Taking out a factor of —
T -
A (. ] ) ) Substituting
= E{ sin (lm) —sin (0)] — [sm (O) — sin (k (—W))l} the limits
A
- ool -fo-o)
A =
We also have
B = i{ [ (A)sin (kt)at + f )sin (kt) dt} |Replacing /(¢
:é sin (kt)dt — sin (kt | dt
: {L )t [ snfie) }
All cos (kt) ! cos (kt) ’ . ) cos(kt)
= ; o 3 Integrating by fsm (kt) dt = — .
= _ki coS kt) cos kt } Taking out a factor of — H
T
Substituti
= —%{ cos COS [cos (O) — cos (l{i(—ﬂ'))” tlllle ?irlniutsmg
= —%{c —1-1+ cos( kﬂ')} [Remember cos(O) = 1}

= —%{c kﬂ' -2+ cos(kﬂ')}

B = ka{Q cos(lmr) } = f%{cos(lmr) - 1} [Collecting COS(IWT) terms]

If k is even then cos (lmr) = 1, substituting this into the last line above gives:
2A
B =———31—-1 0
k Lk { }

If k is odd then cos (lmr) = —1, again substituting this into the last line in the above

derivation gives

2A 2A 4A
B, =~ kﬂ'{ 1_1} kw{ 2}:E

Putting all these coefficients together we have



6.

7.
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0
0
if k is even
— if k£ is odd
Substituting these into
(17.2) f(t) =A + A4 cos(t) + A4, COS(Qt) +-+ B sin(t) + B, sin(2t> + e
The only non-zero values are the odd sine terms:
f)=0+0+0+..+ %Sin(lﬁ) +0+ i—:sin(iﬂt) +0+ i—’:sm(m) T
4A sin (325) sin (575)

7sm(t)+ PR

Taking out a common

factor of 4A/ T

For this question we use the above derived formula

f(t) 4A

™

) (t> .\ sin(3t) .\ sin(5t) .
3 5

(a) What is the amplitude of the given function?

f(t):1_2 O<t<m

2 T<t<2rm

It is 2 so substituting A = 2 into the above derivation gives

1(0)=

Note that this the same function given in question 1(b) and of course we have the same

8| )+ sin(3t) ) sin(5t) .
T 3 5

answer.

(b) Similarly for

f<t)— ) —T<t<0
|5 O<t<m
The amplitude is 5 so substituting A =5 gives the Fourier series
20 sin(St) sin (575)
t —lsin(t) + + + ...
ft) = —Jsin(t)+— -

This time we have
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B A O<t<m
f<t)_0 —T<t<0
The constant term A is given by
1 pr
=5 [IGEE
— i{j;” (A)dt + f_i(())dt} [Splitting f(t)}
= %MZ [Integrating]
— ;[W — 0] [Substituting for t]
7
A
-4 [Simplifying]|
24
A

A[):2

The cosine coefficients are given by

== f f cos k:t dt

= f A COS kt dt [Replacing f(t)}

= %‘ smékt) J Taking out A and fcos (kt)dt =

0

= % sin (kt)}; Taking out a factor of H
A . _ Substituting

= o sin (/{:7?) — sin (O) ] tkllle lirlniL::sm
;;{[0 O}} 0 [Because sin (lmr) = O}

We have 4 =0.

We also need to find the sine coefficients:

sin (kt)

17
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B, :% Oﬂ (A) sin (kt)dt Replacing f<t>}
= éf:r sin(kt)dt [Taking out A]
T
= % _%(kt) Integrating by fsin (kt)dt = _ COS}Ekt)
0
= —%[ms(kt)]z Taking out a factor of — ﬂ
T
A Substituting
= ——W[COS (/m) — cos (0)} the limits
= —ki[cos(km) — 1} [Remember COS(O) = 1}
T
If k is even then cos (lmr) = 1, substituting this into the last line above gives:
A A
B, = —E[Cos(lm) — 1] = —g[l — 1] =0

If k is odd then COS(k?ﬂ') = —1, again substituting this into the last line in the above

derivation gives

B, = —i{cos<k7r) - 1} = —i[—l — 1] = A —2] = 24
km km km km
Putting all these coefficients together we have
A=A /2
Ak = 0
0 if k is even
B —
e if & is odd
km

Substituting these into
(17.2) f(t) =A + 4 cos(t) + A, cos(Qt) +--+ B, sin(t) + B, sin(?t) + -

Gives

£(t) :g+0+0+...+%sin(t)+0+§—ﬁsin(3t)+0+%sin(5t)+...

_ A + 240 (t) + %Sin <3t) + %Sin (5t) + ... [Simplifying]
A 924 sin (St) sin <5t) Taking out a common
= Py + . s1n(t) T 3 T 5 T factor of 2A/7r

We are asked to show ]cos (mx)cos (nm) dx =

-

{0 if m=n

T if m=n
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Casel m=n
To deal with this integrand we use the following trigonometric identity:
1
cos (A) cos (B) = E[COS (A + B) + cos (A — B)]
Applying this to the integrand gives
1

COS (mx) COS <nx> = 5[608 ((m + n)x) —+ cos ((m — n)xﬂ

Evaluating the given integral

L ]cos((m+n)x) dx+]ﬁcos((m—n)x) dz

]cos(ma:)cos <n:1:) dz = 5

-7

1 Sin((m+n)x) ’ .\ Sin(<m—n)x) x
_1 m+n[sm<(m;n)”)—sm(—(m +_n>7r)}+
2 ——sin((m —n)) — sin(~(m —n)x)

In the last line we have integer multiples of 7 in the argument of the sine function so
these are all zero because sin (lmr) = 0 for any integer k.

Casell m=mn

In this case we have m = n so the integrand is given by
cos (mx) cos <mx) = cos’ (mx)
We need to integrate this cos’ <mx) Again we find the appropriate identity:
2 1
cos (A) = —[COS (ZA) + 1}
2

We have cos’ (ma:) = l[cos <2mx) + 1}. We have

[\

™

™

fcos2 (mx) dx :% fcos (2mx> dz + ]1 dx
1||sin(2ma i .
e
= % QL[sin (2m7r) — sin (—2m7r>} + [7‘(‘ — (—7?)}
m
_ l L[O—O]—I—Q _ Because
C202m ner sin(2m7r) = sin (—2m7r) =0

Hence we have our given result.
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e ) 0 if m=n
We are asked to show fsm(m:c)sm(na:) dz = £
s if m=n

-
Casel m=n

To deal with this integrand we use the following trigonometric identity:
1
sin(A|sin(B :—[cos A— B)—cos A—i—B]
(4)sin(B) = 5 |cos(4 — B) - cos (4 + B)
Applying this to the integrand gives

sin(mx)sin(nx) = %[COS((TTZ — n)x) — COS ((m + n)x)]

Evaluating the given integral:

]sin (mx) sin (nx) dz = % ]COS ((m — n)x) dz — ]‘cos ((m + n) x) dz

—T —T —T

m

B sin((m + n)x)

m-+n

5 m-—n

-

_1 m1—n[Sin«m_n)”>_Sin<—(m—n)w)}_

2 min[sjn((m+n)7r)—sin(—(m+n)7r)]
_ %[o] [Becanse sin (k) = 0|

For m = n we have our required result f sin (mx) sin (m:) dz=0.

—T

Casell m=mn
In this case we have m = n so the integrand is given by
sin (mx) sin (mz) = sin’ (m:z:)

We need to integrate this sin’ (ma:) Again we find the appropriate identity:
in?(A) = {1 - cos(24
sin ( )—5[ —COS( )}

We have sin® (mx) = %{1 — COS <2ma:)} We have

20
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j,: sin’ (ma) da :% f 1 dx—];cos(2mx> da
::%[W_(_Wﬂ_gij;;@nm)_sﬂ4_zmwﬂ
:%27r—%[0—0] =7

We also have fsin (mx) sin (nx) de=m if m=mn.

—T

10. We have to show that fsin (mx) cos (m:) dxz = 0 for any integers m and n.

—T

To deal with this integrand we use the following trigonometric identity:
1
sin(A|cos|B :—[sin A+ B)+sin A—B}
(4)cos(B) = 5 sin(A+ B) +sin(4 - B)
Applying this to the integrand gives
sin(mx |cos|\nr) = —|sin({m +n :L‘)—i-sm[ m-—n x”
(ma)cos (nz) = Zsin((m + n) (m—n)
Evaluating the given integral:

];sin(mx)cos(m) dz = %lfsm((m +n)z) dz + ]Wsin((m —n)z) da:‘

%i "J

cos((m + n)z) ! cos((m - n)x)

+

m-+n m-—n

1 eos{(m ) e) = cos(~(m 4 )+
2 s leos((m = )) = cos(~(m = )]
_aflollo s ) -on(fm- )]+
2 oo {(m —n)) = cos((m — ) cos ) = cos(z)
=Sl ] =0

For any integers m and n we have our required result

[ sin(me)cos(na) dz = 0

—T



